
6.0 Systems of Masses:  
 
What do you do when you have more than one mass such as the 
system at right connected with a light, low friction string? If we let 
this system go on a low friction surface with a low friction pulley, 
can we find the acceleration? the tension in the string? The speed when the 250 g mass hits the 
ground below? There are many ways to solve this. At first glance, we think of the dynamics lens 
because we see that the force of gravity accelerates the masses. However, we can also see that 
there is an energy transformation. There are two simplifications to assert for our system: 

- If the pulley is frictionless, it exerts no force on the string. So, the tension in the string is 
the same on both sides of the pulley. 

- If the string has no mass, then there is no force on it even if it is accelerating. Thus, for a 
massless string, the tension is the same everywhere, including at both ends. 

 
Example 1:  
Consider the system of masses above. Here are some important questions: 

a) Is the acceleration of the falling mass zero, between zero and gravity, or equal to gravity? 
How can you be sure? 

b) Is the tension in the string >, =, or < the force of gravity on the 250 g mass? What would 
it mean if the tension was = to the force of gravity on the 250 g mass? 

c) What is the energy transformation after the system is released? Which block(s) lose 
potential energy? How much? Which block(s) gain kinetic energy? 

d) Say that the system is released with the hanging mass 1 m from the ground. Can you 
calculate the speed of the blocks in this system just before the falling block hits the 
ground?  

e) If you can find the final speed, then you can also find the average speed, the time it until 
it hits the bottom, the acceleration of the system and the tension in the string. Do it! 

 
Example 2: 
Consider the system above through a dynamics lens of forces on the 
whole system. Make a good Free Body Diagram. 

a) Consider assigning the positive direction to this system. It’s not up 
or down or left or right but determined by one direction of the curved arrow as shown at 
right. This is the only way the system can move, so we need consider only forces in this 
direction. For instance, there is a force of gravity on the 1 kg mass. Is this in the positive 
or negative direction of the system, or does it not pull on the system at all? 

b) Does the tension act on the system? Which way does tension pull the 1 kg mass? The 250 
g mass? When we add these forces, what is the total force? Here, we can call tension an 
internal force. Thus, the tension doesn’t accelerate the system.  

c) We should see that there is only one external force that acts on the system. We can see 
that if gravity didn’t pull downward on the 250 g mass, that there would be no force 
accelerating the system. How much mass does this force accelerate? With this 
information, you can find the acceleration! 

d) Once you have the acceleration, we can find the tension in the string. But in order to find 
the tension, we have to consider a body that the tension is acting on (not the whole 
system). Pick and look at a single mass through the dynamics lens. Can you find the 
tension?  



Example 3: The Standard Approach is to look at the two masses separately, setting up the 
dynamics equations, ∑ �⃗� = 𝑚�⃗�, for each mass, leading to simultaneous equations. For this 
system, the two equations are used to solve for the two unknowns (the acceleration and the 
tension in the string).  
 
…energy of the system works well 

 
 
 
…or we can solve it using system dynamics 

 
 
… or we can use the standard dynamics on each of the masses 



 
Which is the best method? This is for you to decide. Note that the energy lens yields final speed, 
and dynamics lens yields acceleration. You can use one to calculate the other:  



 
Also, we can use dynamics of one of the masses to find the tension in the string. 

 
 
 
Why can we assert that the tension is uniform across the length of the string? If the tension at one 
end were different from the tension at the other end, there would be a net force on the string. 



This force would accelerate the string. Thus, if the string has very little mass, and there is very 
little friction between the string and the pulley, then there should be very little difference in 
tension between the two ends of the string. 
 
Example 4: 
What if there is a coefficient of friction (𝜇 = 0.1) on the 1 kg mass as is slides across the 
horizontal surface? 

a) How would this change the energy considerations in Example 1? Find the new speed of 
the system as it hits the ground 1 m below. Then find the time to fall and the acceleration. 

b) How would this change the dynamics considerations of the system? Find the new 
acceleration directly (do you get the same answer as above?) and tension in the string. 

 
Example 5:  
In a tug-o-war, each team pulls as hard as they can on the rope. However, the tension on the rope 
must be the same on both sides, pulling each team in opposite directions with the same force. So 
then, how can a team win? 

a) Please look at a single team through a dynamics lens and do a good free-body diagram. 
What can you say about the forces necessary for this team to win? 

b) Then look at the two connected teams as a system and do a good free-body diagram. 
What must be true for one team to win? 

 
Example 6: 
A 2-ton tow truck pulls a 1-ton car on a smooth level road, with a rope that has a tension of 3000 
N on it. If the wheels of the car are free to roll, what coefficient of friction is necessary between 
the tow truck’s wheels and the ground? This is a multi-step problem that will require some 
thought and some drawing. 
 
 
6.1 Rotating Systems:  
 
At right, there is a falling block with a string wrapped around a massive 
pulley. As the block falls, the pulley turns. In understanding how to solve 
this problem, please consider and answer the following:  
 
Example 1: 
The system at right is released from rest: 

a) Is the downward acceleration of the falling block <, =, or > g? 
How do you know? 

b) Is the tension in the string <, =, > the force of gravity on the 
hanging block? How do you know? 

c) Let the hanging block drop 1 m, and watch through an energy lens. Please identify the 
energy transformation happening. Which of the objects lose energy, and which of the 
objects gain energy? What are the forms of energy? 

d) In order to solve this question, it is crucial to know the relationship between the speed of 
the falling block and the rotational velocity of the pulley. How does this relationship 
involve the radius of the wheel? Please check this with units to see if you have it. 

 



At right, a string is wrapped around the circumference of a wheel. With 
the string anchored to the ceiling, the wheel is allowed to fall as it 
unwraps. Although this is only one object, we can treat it as a system 
because it is both falling and rotating.  
 
Example 2: 
The wheel at right unwraps like a “yo-yo”.  

a) What energy did it start with? 
b) What energies does it gain as it falls? 
c) What is the relationship between the vertical and rotational 

velocities? 
 
Example 3: 
Consider two identical massive wheels cemented to a smaller, low 
mass inner pulley. The wheel/pulley on a low friction bearing rotates 
from rest, pulled by identical hanging blocks on the same length of 
string. The only difference is that the strings are wrapped around 
different parts of the wheel: A around the outer circumference and B 
around the smaller circumference of the pulley. The systems are let 
go at the same time until the blocks hit the floor below. 

a) In which case is the hanging block moving the fastest when it hits the ground? Or is it the 
same? Use a lens discussion to support your answer. 

b) In which case is the tension in the string the greatest or are they the same? Explain. 
c) Which block took the longest time to fall to the ground or are the times the same? 

Explain. 
 
Exercise 4: At right a disk of radius 10 cm and mass ½ kg falls 
while unwinding 4 m of string. In any order, answer the following, 
providing good conceptual support:  

 If I double the mass of the disk, what effect, if any would it 
have on the acceleration of the disk? How do you know? 

 How would this disk’s acceleration compare to that of one 
with twice the radius? How do you know? 

 I drill out the center of the disk (the black circle in the center 
of the circle), and fill it with iron, increasing the mass of the 
disk considerably. What effect, if any would this have on the acceleration of the disk? 
How do you know?  
 

Exercise 5: At right a disk of radius 10 cm and mass ½ kg falls 
while unwinding 4 m of string. In any order, answer the following, 
providing good conceptual support:  

 Find the speed and angular velocity of the disk when it 
reaches the end of the string. 

 Find the downward acceleration and angular acceleration of 
the disk as it falls. 

 Find the tension in the string as the disk falls. 
 



Exercise 6  
I have something like a yo-yo, shown at right from two different sides. The 
string is wrapped around a center that has half the radius of the larger disk. 
I let the yo-yo go from rest. Assume you know the mass and radius of the 
yo-yo and the length of string.  

a) Fully explain how you would find the tension in the string as the 
yo-yo falls, setting up the necessary equations. 

b) After you find the tension in the string, what might you compare 
it to in order to see if it made sense? Why? 

 
 
 

 
6.2 Center of Mass:  
 
Remember the problem with the 90 kg friend and the massless 
board? What if the board was not massless? Say it had a mass 
of 50 kg? We might think that we could take the man and the 
board separately and that the 50 kg board alone would have a 
500 N force of gravity on it, symmetrically distributed, so 
both my finger and pylon A would each have an additional 
250 N added to the forces we had with the man alone. And 
you’d be right if you guessed this. In fact, we can show that 
for any object, we can model the force of gravity as if all the mass were at a point called the 
center of mass, or the average position of the mass. For any symmetrical object of uniform 
density, this is the geometric center of the object. Thus, the above statics problem with a 50 kg 
board could be modeled as the system at right, with the mass 
of the board adding another force and another torque to the 
equations. 
 
Example 1: 
Please draw a good free body diagram for the 90 kg friend on 
a 50 kg board and solve the rotational dynamics (statics) 
problem. Please find the force on my finger. 
 
Now can we prove that the distributed mass of an object provides a torque as if it came from the 
average position of the mass? Please prove this for a uniform board: 
 
  



Example 2: 
Prove that a uniform board of length, 𝑙  and mass mo provides the same torque about point A as 
if the mass mo was all in the center of the board. Please see a small section of board of length dr, 
and you know we are going to integrate all the little bits of dr. But what we want to integrate 
over is the torque, because the total torque will be the sum of the torques from each little bit of 
force on each section of dr down the full length of the board.  
𝜏 = 𝑟𝐹 , where 𝐹  is the force of gravity from the little bit of board or 
𝑑𝐹 = (𝑑𝑚)𝑔 
In order to find dm, we need to know the linear density of the board in kg/m, we call 𝜆 
𝜆 = 𝑚/𝑙 , so 𝑑𝑚 = 𝜆𝑑𝑟. 
Please integrate the torque from the little bit of board over the entire length of the board, and 
show that it is the same as if all the mass were in the middle of the board, or  
𝜏 = 𝑚𝑔𝑙 /2. 
 
We might think that that if the board were allowed to rotate around point A, its moment of inertia 
would be as if the board were a point mass at a distance of 𝑙 /2.  However, this isn’t the case. 
We certainly can see that if we rotated the board about its center at 𝑟 =  𝑙 /2, the moment of 
inertia can’t be zero! The torque is linearly proportional to the radius, so we can take the average 
position. However, the moment of inertia is proportional to the square of the radius, so we would 
need to take the average of the square of the position. To find the moment of inertia of an object 
not spinning around its center, we would use the parallel axis theorem (next chapter).  
 
Example 3: 
What if the board was not of uniform 
thickness, but was thicker at the left 
end that attaches to pylon A. Imagine 
that the board smoothly increases 
from the free end at right, and is three 
times the thickness (and linear mass 
density in kg/m) at left than at right. 
Please show that the center of mass of 
this tapered board is only 2.5 m from the thick end.  
 
Center of Mass and Stability 
In order for an object such as a board to be stable on the ground, there must be a positive normal 
force pushing on both sides. Thus, the center of mass must be located between the supports. For 
instance, we can see that a uniform plank (with a center of mass in the middle) is stable resting 
on the wider supports at left. At right the torque from gravity would rotationally accelerate the 
board into the page (clockwise) pivoting the board about pylon B. In order for this board to be 
stable, the force from pylon A would have to be downward, requiring the board to be bolted to 
pylon A, providing a torque about pylon B equal and opposite to the gravitational torque. 
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6.3 Parallel Axis  
We know that if a solid, uniform disk of 
radius R is rotated about its axis, the 
moment of inertia, I = ½mR2. Also, a 
point mass rotating around a point at a 
radius d will have a moment of inertia of 
Ipt = ½md2. So, if a disk is rotated about 
an axis that is parallel to its central axis, 
but is a distance d away from the disk’s 
center, the object moves around the 
center of rotation and rotates itself. So, 
the moment of inertia must include 
rotation of the object itself about its geometric center plus the moment of inertia of the object as 
a point mass around the center of rotation. We can prove this by integrating 𝑑𝑚 ∗ 𝑟  over the 
entire mass of the object where r is the distance of each little bit of mass to the external center of 
rotation, but we’ll save that for another day. However, we can look at it through the energy lens. 
What if we saw a disk moving with velocity v as well as rotating with angular velocity 𝜔, we 
would hopefully recognize that it has both linear and rotational kinetic energy and the total 
kinetic energy is the sum of the two: 

𝐸 = 𝐸 + 𝐸 = 𝑚𝑣 + 𝐼𝜔 . 

Now further consider that the linear velocity is coming from the fact that the object is rotating 
around an external center such as the two objects above at right. Then the linear speed is 𝑣 =
𝜔𝑑. Substituting this for the speed in the above equation yields: 

𝐸 = 𝐸 + 𝐸 = 𝑚𝑑 𝜔 + 𝐼𝜔 = (𝑚𝑑 + 𝐼)𝜔 = 𝐼  𝜔 . 

 
The center of mass and parallel axis theorem provide a nice way to solve 
the yo-yo problem in just a single line of math. Consider the disk at right 
with a string wound around the circumference that is falling while rotating. 
At any given moment the disk is actually rotating about the point of contact 
of the string. Therefore, we could solve a simple dynamics problem with 
the torque from the force of gravity (acting on the center of mass), while 
remembering to use the parallel axis theorem to find the moment of inertia 
about the point of rotation. 
 
Example 1:  
Consider the disk at right that is falling while rolling down the length of string wrapped around 
the circumference. Please consider the disk to be rotating about the point of contact with the 
string to find the angular acceleration, and the linear acceleration and the tension in the string. 
Are these the same values you calculated for this system in chapter 6.1? 
 

 

Figure 1 A disk rotates about the large back dot. At left, the center 
of rotation is the center of the disk. At right the center of rotation is 
above that of the disk. 



Example 2: 
A disk of uniform mass distribution, total mass mo, and radius R, is 
secured to a wall with a low friction pivot that allows rotation as 
shown at right. The disk is started in the higher position where its 
center is the same height as the pivot and is allowed to drop and 
swing.  

 The moment I let the disk go from the upper position the 
center of mass accelerates downward. Is a <, =, or > g?  

 Please find the angular acceleration of the disk the moment I 
let it go and from this information find the downward 
acceleration of the center of mass of the disk. 

 Please find the force the pivot point provides to the disk the 
moment I let go of the disk. 

 Does the angular acceleration of the disk remain constant as the disk falls to the lower 
position? How do you know? 

We want to find the force on the pin when the disk is at the bottom location. In order to solve this 
complicated, multidimensional problem, please consider: 

 What is the complete energy transformation happening as the disk rotates from top to 
bottom? 

 What is the complete dynamics going on when the disk is at the bottom of the swing? Is 
the force on the pivot just equal to mg? Why or why not? 

 Find the force on the pivot when the disk is in full swing at the bottom. Include direction. 
 

  
 
 
 
 
 
 
 


