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Chapter 1

Ways to Look at the World

The Big Picture

Figure 1.1

"The Starry Night," painted by Vincent van Gogh in 1889
(credit bgEuwDxel93-Pg at Google Cultural Institute, public domain)

Creation is beautiful and awe-inspiring. We humans have been attempting to describe it, capturing little pieces
that we can appreciate in some meaningful way, for millennia. Some make the attempt through artwork, as in
the famous painting by Vincent van Gogh in Figure 1.1. Others make the attempt through music, like Vivaldi’s
“Four Seasons,” or Counting Crows’ “Big Yellow Taxi.” Still others use poetry:

古池や蛙飛びこむ水の音
furu ike ya / kawazu tobikomu / mizu no oto
an ancient pond / a frog jumps in / the splash of water
Matsuo Bashō, 1686 i
0F

Translated by William J. Higginson in Matsuo Bashō: Frog Haiku (Thirty Translations and One Commentary),
revised ed., Shoemaker & Hoard, 2003.
i
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Some try to capture the beauty in photographs, as Ansel Adams did in Figure 1.2. Some people enjoy going for
retreats to the mountains or a lake or the sea, relaxing and enjoying being in nature. Every unique perspective
on the world around us helps to enrich our lives.

Figure 1.2

Close-up of ferns, from directly above. (credit: Ansel Adams. Property of the U.S.
Government, public domain.)

Physics offers another perspective on the world around us, finding ways to observe, measure, and describe
things that often cannot be observed with our five senses, but which can still somehow be understood, often
through graphs, conceptual drawings, or mathematics. In Ansel Adams’ photograph, we can see patterns and
symmetries in the leaves of a fern; physics can show us patterns and symmetries in the motion of a ball flying
through the air. In Matsuo Bashō’s writing the motion of a frog affects an ancient pond; physics can help us to
understand these interactions between bodies that collide. Van Gogh’s painting captures in one place objects
as large as a galaxy and as small as a twig; physics looks beyond galaxies to the whole of the universe, and it
looks beyond twigs to see what is inside the tiniest sub-atomic particles.
The character Sherlock Holmes in the books by Sir Arthur Conan Doyle is known for carrying a magnifying glass
with a lens that he uses to discover clues about his surroundings. In this book we will use four different “lenses”
to help us understand the world:
•
•
•
•

Motion: how the position and speed of an object changes over time
Momentum: a measure of how difficult it is to stop a moving object
Force: a push or a pull on an object
Energy: the ability to do work
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Figure 1.3

The four “lenses” of physics we will use to learn about the world around us

We will approach physics in the way that languages are usually taught. You don’t spend a week learning nouns
before moving on to verbs, adjectives, sentence structure, etc. You learn a little bit about everything, dive in
with what you know so far, then your vocabulary improves and your language usage becomes more refined as
you go. That’s the approach we will use to learn physics—learning a little bit about each lens, trying them out,
and refining as we go. Fortunately, you started learning physics many years ago, whether you’ve ever studied
physics or not, because you already have some familiarity with motion, momentum, forces, and energy. Now,
let’s deepen your familiarity and learn some new ways to represent the things that you already understand.
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Representing Motion Using “Motion Maps” and Graphs

Figure 1.4

ThrustSSC, the twin turbofan jet-powered car that officially holds the Outright World
Land Speed Record, having traveled at a speed of 763.035 mph over one mile in October
1997. (credit: Vauxford, from Wikimedia Commons, CC4.0)

When we consider the motion lens, we look at how the position of something changes in time, without concern
for the cause of the motion. ThrustSSC was moving quickly in October 1997, when it traveled across the Black
Rock Desert in Nevada, USA, faster than the speed of sound! In a photograph sometimes you can see that an
object is moving by the way that it is blurred. Or if we make a drawing, we can include an arrow. Maybe
something like this:

Figure 1.5

An attempt to show that the ThrustSSC is moving to the right

Now we have something that shows the vehicle is moving. But we often want to be more precise about the
motion. One way to be more precise is by using a “motion map.” It’s basically a series of dots that represent the
position of an object at different points in time. So instead of sketching the actual vehicle, we just put a dot. And
then we add another dot showing the position after a certain interval of time (maybe 1 second), another dot
after another interval of time (so maybe 2 seconds total), and so forth. For example, this could be the motion
map of the Thrust SSC as it set the world record:

Figure 1.6

Motion map of ThrustSST setting the land speed record
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Each dot represents the position at a certain point in time, and the points have been numbered at equal
intervals of 1 second each. And at the speed it was moving, in that five seconds it went one mile! The arrows
are added to emphasize the order of the dots. You can think of it as if you are using a stationary video camera
to record the motion of the vehicle moving to your right, and the numbers represent each individual frame. In
the “zero” frame the object is on the left. In the first frame it has moved a bit to the right. In the second frame it
has moved farther to the right, and so on.
But what if the motion had been more complicated than that? Imagine that you are walking down the sidewalk
and suddenly someone in front of you yells out, “Does anybody want a ticket to the Ed Sheeran concert?” You
stop, thinking about it for a few seconds. You love Ed Sheeran, but aren’t sure you can afford the ticket. Then
they call out, “It’s free!” You take off running to get to the ticket before anybody else can get there. In that case,
your motion map would look something like this:

Figure 1.7

Motion map of a person walking to the right, stopping, and then running.

This motion map shows motion to the right from zero to 4 seconds, no motion from 4 to 7 seconds, and then
faster motion to the right from 7 to 11 seconds. So the motion map is not only able to convey position, but also
speed. When the speed is slower, the space between the dots is smaller—that should make sense, because if
you are moving quickly then your position changes more in one second than it would if you were moving slowly.
The length of the arrows tells you about the speed of the object at any point in time. Figure 1.6 represents an
object moving at constant speed, so all of the arrows are the same length. But in Figure 1.7 the arrows are not
all the same length because the object is moving at different speeds at different points in time.

Exercise 1.1

Draw motion maps for each of the following:
a.

A car that begins stopped at a traffic light, drives slowly forward for three seconds,
stops at a stop sign, drives quickly forward for three seconds, and stops.
b. The race of “The Tortoise and the Hare.” Include one motion map for each animal.
The tortoise goes slowly for the entire race. The hare goes quickly, stops in the
middle, then goes quickly again but the tortoise beats the hare to the finish line.
Number each of the dots at equal time intervals in such a way that at all times you
can tell which one is ahead.

In some situations, motion maps can help us to clearly visualize the motion of an object, but in other
situations they are less helpful, especially when the path folds back on itself. Consider the path of an absentminded professor who has accidentally forgotten his laptop and his coat when leaving his office. His motion
map could be something like this, where the laptop is remembered after 3 seconds and the coat is
remembered after 13 seconds.
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Figure 1.8

Motion map of an absent-minded professor leaving his office, remembering his laptop
after 3 seconds and his coat after 13 seconds.

It is possible, and perhaps amusing, to trace the professor’s motion in this situation, but it isn’t very easy.
Often a graph is a better way to illustrate motion. Let’s look again at our examples of objects in motion and
put them on graphs. We will start by plotting position versus time, with time on the horizontal axis and
position on the vertical axis.

Figure 1.9

A graph of position vs time for the ThrustSSC setting the land speed record. You can
draw a straight line through all of the points.

That graph turns out to be pretty simple, because each dot in the motion map is the same distance from the
dot before it. That means that each point on the graph is the same vertical distance from the last. You can see
that all of the dots fall on a straight line. Now let’s try the example of the Ed Sheeran tickets.
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Figure 1.10

A graph of position vs. time for a person trying to get Ed Sheeran tickets: Starting at a
walk, stopping, and then running. A straight line does not fit the whole graph, but
three separate straight lines can fit all of the points.

This one is a bit more complicated. A straight line no longer goes through all of the points, but three different
lines can be used to go through all of them. At the beginning, when you are walking, the slope of the graph is
relatively small. When you stop, the slope on the graph goes to zero. And when you run, the slope of the graph
is relatively large. With motion maps, speed is indicated by the length of the arrows between each dot; on a
graph of position vs. time, speed is indicated by the slope of the graph.
And what about the absent-minded professor? His graph looks like this:

Figure 1.11

A graph of position vs. time for an absent-minded professor: Three seconds after he
leaves his office he realizes that he forgot something, so he returns to his initial
position. Thirteen seconds after the first time he left his office he realizes that he
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forgot something else, so he returns again before leaving for the third time. The slope
of the line on this graph represents velocity, not just speed, because it indicates speed
and direction.
In this case, the lines slope upward sometimes and downward other times. So you get information not only
about speed, but also about direction. The slope of these graphs actually tell you the velocity of the object, not
the speed. Speed is how fast something is moving, while velocity is how fast something is moving AND in
what direction it is moving.

Exercise 1.2

Draw position vs. time graphs for each of the following:

a.

A car that begins stopped at a traffic light, drives slowly forward for three seconds,
stops at a stop sign, drives quickly forward for three seconds, and stops.
b. The race of “The Tortoise and the Hare.” Include one line on the graph for each animal.
The tortoise goes slowly for the entire race. The hare goes quickly, stops in the middle,
then goes quickly again but the tortoise beats the hare to the finish line.
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Representing Momentum using “Momentum Blocks”

Figure 1.12

A “Newton’s cradle” in action. The moving ball on the left is just about to hit the other
four balls that are (at this moment) stationary. This is the classic example that is used
to demonstrate momentum.

In physics, momentum is related to two things: the mass of an object and its speed. In fact, we can graphically
illustrate how much momentum an object has by creating a “momentum block” for it, where the width of the
block represents its mass and the height of the block represents its speed. For example, these blocks could
represent a bicycle and a car, both moving at the same speed.

Figure 1.13

Momentum blocks for a bike and a car that are moving at the same speed. The car has
more momentum than the bike.

You can see in Figure 1.13 that the car’s momentum block is larger than the bike’s momentum block. This shows
that the car has more momentum than the bike; in other words, it would be more difficult to stop the car than
it would be to stop the bike. But what if the car wasn’t moving? Then its speed would be zero, and the
momentum blocks would look like this:
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Figure 1.14

Momentum blocks for a moving bike and a motionless car. The bike has more
momentum than the car. In fact, since the height of the car’s momentum block is zero,
it has no momentum at all.

In that case, the momentum block of the car has zero height, so the block has no area at all; the car has no
momentum. Which makes sense, if you think of momentum as the amount of effort needed to make the car
stop. It’s already stopped, so it doesn’t take any effort at all.
Look at the steel balls in Figure 1.12. The balls themselves are all identical, but the ball on the left has more
momentum than the others. That is because it is moving faster than the others. We can draw “momentum
blocks” to represent the amount of momentum that each of the balls has. We start by drawing a horizontal line
(this will be the width of the block) for each ball. The balls are all the same, so we should draw the lines all the
same as well. Then we need to add some height to each of the lines, with the height representing the speed of
the balls. That’s easy in this example, because only the ball on the left (Ball #1) has a nonzero speed.

Figure 1.15

Momentum block diagram for the Newton's cradle in Figure 1.12. The numbers 1 – 5
correspond to which position the ball is in, counting from the left. All of the balls have
the same mass, so their momentum blocks should have the same width. The height of
each block corresponds to the ball’s speed. In the photo, you can see that only the ball
on the left is moving, so its block has a height, and all of the others have zero height.

An instant after the photo in Figure 1.12 was taken, as you will know if you have ever played with a Newton’s
cradle, the ball on the left stops completely, and the ball on the right starts moving with the same speed that
the ball on the left had initially. At that instant, the momentum block diagram would look like this:
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Figure 1.16

Momentum block diagram an instant after the photo in Figure 1.12 was taken

If I have drawn everything correctly, the total size of all of the blocks in Figure 1.15 and Figure 1.16 will be the
same, because all of the speed that Ball 1 had just before hitting Ball 2 ends up in Ball 5, with everything else at
rest. This demonstrates the physical principle called Conservation of Momentum: the total momentum of
an isolated system does not change.
Let’s break that physical principle up a little bit. “Total momentum” means add up the momenta of everything.
What does “everything” mean? All of the parts of the “system.” A “system” can be anything. In our example, the
system is all five of the balls, because they hit each other with little effect from anything else. If you are playing
tug-of-war, the system would likely include the rope and all of the members of both teams. It might even include
the ground you are standing on! Often the way to decide what system you should use is wrapped up in that
word “isolated.” An isolated system is not affected by anything outside of itself. If you are in a car crash between
two vehicles on an icy road, a good system to choose would be the two vehicles. If the road is dry, you might
have to include the road as well, which probably means including the whole earth as well! If you are hitting a
baseball, at the time of impact it may be enough to include just the bat and the ball in the system. It will take
practice learning to choose your system well!

Exercise 1.3

Draw labeled momentum blocks for each of the following:
a.
b.
c.
d.
e.
f.

Exercise 1.4

A walking adult
A running adult
An adult who is standing still
A child who is standing still
A running child
A walking child

Using the momentum blocks you drew for Exercise 1.3, put the following in order,
from most momentum to least momentum. Ties are allowed where needed.
a.
b.
c.
d.
e.
f.

A walking adult
A running adult
An adult who is standing still
A child who is standing still
A running child
A walking child
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Representing Forces using “Free Body Diagrams”

Figure 1.17 "The Force" means something different in Hollywood than it does in physics class.
(credit: GPS from San Francisco [CC BY-SA 2.0])
A force is, quite simply, a “push” or a “pull.” Forces are always interactions with other objects—you can’t push
or pull on something that isn’t there. Sometimes it is easy to identify the other object. If you walk into a
telephone pole, the other object is the telephone pole. But sometimes it is more difficult to identify the other
object. If you hold your cell phone in the air and let go, it begins to fall even though nothing is touching it. The
force that causes it to fall is the force of gravity between the phone and the earth, so the other object is the
earth.
We will consider just a few types of forces in this class:
1.

2.
3.

4.

Gravity – the force of gravity is attractive. It always points toward the object that is affecting
the system. In our everyday life, the gravity we feel is from the earth. And the earth is below
us. So it points down.
Tension – if you pull on a rope (or a string, or anything else that acts like a rope) you create
tension in the rope. Tension points along the length of the rope.
Normal – in physics class “normal” doesn’t mean “regular.” It means perpendicular to a
surface. In the example of dropping a cell phone, when the cell phone hits the ground it stops
moving downward. That is because of the normal force from the ground, which points up.
Normal force always points directly out of a surface.
Friction – this is a force that opposes motion, often caused by surfaces that are touching each
other or resistance an object feels as it moves through a gas (like air) or a liquid (like water).
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5.

For the first few chapters of this book we will ignore friction to make life easier. But we will
get to it eventually!
Applied – this type of force is a sort of “catch-all.” It is not specified where the force comes
from, but problems often ask something like “how much force must be applied to…so that….”
Or else it will say that a certain force is applied and ask what happens as a result. This “applied”
force could come from anything and point in any direction.

Forces have size and direction, so we represent forces with labeled arrows, like this:

Figure 1.18

Forces on a physics book. On the left, the book is affected only by the force of gravity.
On the right, the book is affected by both the force of gravity and the normal force
from the table.

This type of diagram is often called a “Free Body Diagram,” or FBD for short. The object, in this case the book,
is the “free body,” and we are drawing all of the forces that affect the otherwise free book. The book on the left
side of Figure 1.18 is falling under the influence of the force of gravity. On the right, the book is still affected
by gravity pulling it down, but it is also affected by the normal force of the table pushing it up. We will worry
later about how to combine forces to figure out what the net effect is from multiple forces acting on an object
or system of objects. For now, we will work only on identifying the forces that are affecting an object. Here are
some more examples:

Figure 1.19

More examples of forces acting on objects: a chandelier, a child on a slide, and a rocket
in space.

The chandelier on the left side of Figure 1.19 is being pulled down by gravity and held up by the tension in the
chain that is connected to the ceiling. The child on a slide in the center of Figure 1.19 is being pulled down by
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gravity and held up by the normal force from the slide. Notice that the normal force points out at an angle.
That is because the slide is angled; the normal force points directly away from the surface of the slide. The
rocket on the right side of Figure 1.19 is assumed to be so far out in space that it is not affected by gravity
from the earth, the sun, or anything else. When it fires its rockets, it “feels” a force from the rocket engines.
This force doesn’t fit neatly into any of the other categories we have for forces: gravity, tension, normal, or
friction, so we will call it an “applied” force from the rocket engines. ii
1F

Exercise 1.5

Draw free body diagrams of each elephant described below. If there are no forces, just
write “no forces” under the sketch.
a.
b.
c.
d.
e.
f.

Exercise 1.6

An elephant standing in a savannah
An elephant in mid-air after it jumped up to reach some leaves
An elephant out in space far away from the effects of gravity
An elephant sitting on a tire swing
An elephant standing on the side of a hill
A mouse head-butting an elephant that is standing in a savannah

Draw a free body diagram or a series of free body diagrams showing the forces that
affect a softball from the time it is thrown by the pitcher to the time a fly ball is caught
in the outfield. Include the forces acting on the ball at each of the following times:
a.
b.
c.
d.
e.

While it is in the pitchers hand and she is in the process of throwing it
While it is in the air on the way to the plate
While it is being hit by the bat
While it is in the air on the way to the outfield
While it is being caught

This force is often called “thrust.” We will focus on being able to recognize the existence of forces and
figuring out how they affect objects rather than being too concerned about remembering a lot of different
names for the forces. Just knowing gravity, tension, normal, friction, and applied are enough.
ii
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Energy transformation

Figure 1.20

How many forms of energy can you identify in this photograph of a wind farm in Iowa?
Can you identify an energy transformation from one form of energy to another?
(credit: Jürgen from Sandesneben, Germany, Wikimedia Commons)

Energy is a useful concept because, like momentum, energy is conserved: the total amount of energy in an
isolated system is constant. Energy can be thought of as the ability to do some sort of work. For example, it
takes some work to break the shell of an egg so we can get to the tasty parts inside it.
There are several ways we might consider for getting through an eggshell. For example, we could…
•
•
•
•
•
•
•
•

…tap it against the side of a bowl, using kinetic energy (energy of motion).
…soak it in vinegar, using chemical potential energy (energy that can be released in chemical
reactions, including digestion, burning, and reactions inside of batteries).
…drop it onto the floor, using gravitational potential energy.
…use a slingshot to fire it at a brick wall, using elastic potential energy (commonly associated with
springs).
…put it into a microwave until it explodes, using light energy (energy associated with
electromagnetic waves, including visible light, infrared, x-rays, microwaves, radio waves…).
…slice it open with a cutting torch, using thermal energy (heat energy).
…hold it high in the air during a thunderstorm until it is struck by lightning, using electrical energy.
…hit it with an atomic bomb, using nuclear energy.

As you can see, there are many types of energy. And energy has the ability to transform from one type to
another.
In the third example above of dropping the egg onto the floor, we give the egg gravitational potential energy by
holding it high above the floor. But when we let go, the gravitational potential energy transforms into kinetic
energy. When it hits the floor, the egg shell starts to deform, transforming kinetic energy into elastic potential
energy, until it reaches the breaking point. Then the shell shatters, and all of the remaining elastic potential
energy and kinetic energy transform into thermal energy which is lost to the environment around the egg.
Transformation of energy from one form into another is happening all of the time. Chemical energy in food is
converted into kinetic energy and thermal energy through metabolism; light energy is converted into the
1-16

chemical energy of sugar through photosynthesis in plants. The chemical energy contained in coal is converted
into thermal energy as it burns to turn water into steam in a boiler. This thermal energy in the steam in turn is
converted to mechanical energy as the expanding steam spins a turbine (and cools in the process), which is
connected to a generator, converting the kinetic energy to electrical energy.

Figure 1.21

Solar energy is converted into electrical energy by solar cells, which is used to run
motors in this solar-power aircraft. (credit: NASA)

Another example of energy transformation occurs in a solar cell. Sunlight impinging on a solar cell (Figure
1.21) produces electricity, which in turn can be used to run an electric motor. Energy is converted from the
primary source of light energy into electrical energy and then into mechanical energy. Because energy is
conserved, all of the light energy absorbed by a solar cell is equal to the sum of the electrical energy produced
and some thermal energy that warms up the solar panel.

Exercise 1.7

In a city, a generator powered by gasoline charges a battery. At night, the charged
battery is used in a nearby village without electricity to provide lighting. Starting with
the chemical potential energy of the gasoline, follow the energy transformations that
result in lighting.

Exercise 1.8

There is often more than one kind of energy produced from each transformation. In
particular, thermal energy is often produced along with another energy form. Thus, the
energy conversion is not considered 100% efficient because some of the energy is “lost”
from the system through heat to thermal energy. Identify several places where energy
could have been “lost” as thermal energy along the way in the previous question,
rendering much less light energy in the rural village than the chemical energy that was
contained in the gasoline.
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Exercise 1.9

Consider two identical solar panels next to each other in the sun. One is hooked to a
motor that is doing work, while the other is not hooked to anything. Which solar panel
will be at a higher temperature? How do you know?

Exercise 1.10 Suppose that you eat an "energy bar" and then ride your bike very fast up a hill. From
the top of the hill, you turn around and coast downward, speeding up. You stop at the
bottom using your brakes. Starting with the chemical potential energy in the energy
bar, identify the energy conversions in this process.
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Chapter 2

Interactions between the lenses

Changing velocity & acceleration

Figure 2.1

Acceleration is a change in velocity. That’s why the “gas pedal” of a car is also called an
accelerator. (credit By Andreas Schmidt - Own work, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=579516, modified by D.
Stocker)

For all of the examples of motion in the last chapter, the velocity was either constant, or instantly changed from
one value to another. This can be shown by plotting the velocity vs. time for each of the examples. In the plot
of the SSC setting the land speed record in Figure 1.9, you can see that the slope of the graph is a constant
positive value for the whole time. That means that the velocity has to be a constant positive value for the whole
time.
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Figure 2.2

The ThrustSSC velocity as it set the world speed record. The velocity is constant through
the whole five seconds.

The velocity graph that corresponds to the example of getting Ed Sheeran tickets is more interesting, because
there are three different velocities: first slow, then stopped, and finally fast.

Figure 2.3

In this graph, the velocity is a constant positive value while the person is walking, then
the velocity drops to zero when the person stops, and finally goes to a higher positive
value when the person runs.

In the example of the absent-minded professor forgetting things in his office, there are only two speeds, walking
or stopped, but in that case there are two different directions, which means that the velocity is sometimes
positive, sometimes negative, and sometimes zero.
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Figure 2.4

In this graph, velocity is sometimes positive and sometimes negative, indicating that
the absent-minded professor is sometimes moving in one direction and sometimes
moving in the opposite direction.

The image at the beginning of this section is a speedometer, and if you stop to think about how the needle of a
speedometer in a vehicle moves when your car changes speed, you should realize that it does not instantly
jump from one value to another. In all of the previous examples, it was assumed that the velocity instantly
changes. In the real world, that isn’t actually true. Something has to happen to cause a change in velocity, and
that something takes time.
Considering again the example of ThrustSSC, it wasn’t actually moving at a supersonic speed forever. It must
have started off not moving, and then taken at least a few seconds to get up to speed. And after setting the
record, it must have slowed to a stop again. So if we include more time before and after the record-breaking
mile, the motion map would look something like this:

Figure 2.5

Motion map of ThrustSST setting land speed record, including time before it started
moving and after it stopped moving

Do you see how the spacing between the dots is smaller at the beginning and the end? And actually the first few
and last few dots are right on top of each other. Since the spacing between the dots is changing, we know that
its velocity is also changing. And if an object’s velocity is changing, we say that it is accelerating. From 3 to 7
seconds the object is speeding up, and from 10 to 14 seconds it is slowing down. Any change in velocity,
regardless of whether speed is increasing or decreasing, is called “acceleration.”
Outside of physics, people commonly refer to slowing down as “deceleration” and refer to speeding up as
acceleration. We won’t use the word deceleration, because it can be a source of confusion. We will use
acceleration to mean any change in velocity. If we wanted to define acceleration as increasing speed and
deceleration as decreasing speed, what would happen when the initial speed is zero? Is acceleration now in
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both directions? And when we start looking at circular motion, it will become even more complicated. An object
moving in a circle at constant speed is accelerating, because the direction of the velocity is constantly changing.
That’s where the ideas of centripetal (and centrifugal) force will come in. If we say that acceleration increases
speed and deceleration decreases speed, we will need yet another word to describe this situation where the
speed doesn’t change. So we are better off just using acceleration as the word to describe any of these things.
In Figure 2.5, ThrustSSC was not moving from 0 to 3 seconds (so acceleration was zero and speed was zero);
then it accelerated from 3 seconds to 7 seconds (increasing speed); then it continued to move with constant
velocity (zero acceleration) from 7 to 10 seconds; then it accelerated from 10 to 14 seconds (decreasing speed);
and finally it was not moving from 14 to 16 seconds (zero acceleration and zero speed). It is important to note
here that while the velocity of an object and its acceleration are related (acceleration describes a change in
velocity), zero acceleration does NOT mean zero velocity. It means zero CHANGE in velocity. So the acceleration
is zero during three time intervals in Figure 2.5 (0-3, 7-10, and 14-16 seconds), but the speed was zero only
from 0-3 and 14-16 seconds. This is emphasized in Figure 2.6, which is the same as Figure 2.5, but with added
labels.

Figure 2.6

Motion map of ThrustSST setting land speed record, including time before it started
moving and after it stopped moving, and including labels that compare speed and
acceleration at different times.

Exercise 2.1

On the following motion map, add labels like those in Figure 2.6, showing acceleration
or no acceleration and speed either zero, increasing, decreasing, or constant. A ruler is
included to help you judge the speed.

What happens to our position and velocity graphs if we use this more physically accurate model of motion that
includes acceleration instead of instantly-changing velocity? Let’s try making graphs for motion map in Figure
2.6. The position graph would look something like this:
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Figure 2.7

Position of ThrustSSC as shown in the motion map in Figure 2.6

Note that a realistic graph of position vs time does not have sharp corners, but smooth curves. This is because
the velocity does not change instantaneously, but is more like this:

Figure 2.8

Velocity of ThrustSSC as shown in the motion map in Figure 2.6

The slope of the position graph is at all points equal to the velocity at that position. The steepest slope in the
position graph is from 7 to 10 seconds, at the peak of the velocity graph. Similarly, the slope of the velocity
graph gives the acceleration at every point in time.
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Figure 2.9

Acceleration of ThrustSSC as shown in the motion map in Figure 2.6

You can see that the slope of the velocity curve is positive from 3 to 7 seconds, so the acceleration is positive
during the same period of time. And the slope of the velocity curve is negative from 10 to 14 seconds, so the
acceleration is negative during the same period of time. At the peak of the velocity curve, the velocity is
constant, so the slope is zero. That means there is no acceleration even though the velocity is very high—that
is because acceleration relates to a change in velocity, not to the value of the velocity.

Exercise 2.2

Create graphs of position vs time, velocity vs time, and acceleration vs time for the
same motion map that you put labels on earlier. Do the labels that you added before
agree with your graphs?
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Net Force as the Cause of Acceleration

Figure 2.10

These policemen are trying to accelerate this vehicle to get it out of an intersection
more quickly. (credit: By Daisuke FUJII - Policemen, pushing a car, CC BY 2.0,
https://commons.wikimedia.org/w/index.php?curid=77019161)

The last chapter focused on acceleration, a change in velocity, without considering the cause of that change. To
consider the cause, we need to bring in another of our lenses: Force. Whenever there is an acceleration, you
can be sure that a force was involved.
Consider the photo above in Figure 2.10. If the vehicle started out not moving, its velocity is zero. When the
policemen begin to push, the vehicle starts to move. Now it has a velocity; it started with zero velocity and
ended with non-zero velocity. Velocity changed. So there was an acceleration. Because of the applied force! If
the policemen had not started pushing, the vehicle would not have accelerated.
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Figure 2.11

Two opposing teams in a “tug of war”

Do all forces cause acceleration? What about in the “tug of war” competition in Figure 2.11? The team on the
far side is pulling with a great deal of force. And the team on the near side is also pulling with a great deal of
force. And yet with all of that force, the marker in the center of the rope moves very little. In fact, if the teams
are equally matched, that marker in the center will not move at all! Why not? We can draw a free body diagram
to help us understand. We start with a sketch…

Figure 2.12

A sketch of the game of tug of war. The marker in the center is shown as a big dot.

Then we isolate the marker in the middle—making it into a “free body.”

Figure 2.13

Free body diagram of the marker in the middle of the “tug of war” rope.
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Remember that forces have both magnitude and direction. In this case, the team on the far side is pulling in one
direction, and the team on the near side is pulling in the opposite direction. Actually, there is another force as
well, gravity pulling it downward, but we will ignore that for now, because that force will be very small
compared to the forces of the teams pulling on it.
In Figure 2.13, the two arrows representing forces are drawn in opposite directions because the two teams are
pulling in opposite directions. And they have been drawn the same length because both teams are pulling with
roughly the same amount of force. You should always try to draw free body diagrams such that the length of
the arrow at least approximately represents the magnitude of the force, and so that the arrow is pointing as
closely as possible to the correct direction.
In this case, the marker doesn’t actually accelerate. That is because the two forces, of equal magnitude, are
pointing in opposite directions. So they cancel each other out! That situation has a special name, “equilibrium.”
What would happen if you changed the teams, so that one person had to pull against the whole other team?

Figure 2.14

An unfair game of “tug of war”

Unless that one person happens to be (insert the name of your favorite superhero here), now the forces will not
cancel out, and the system will not be in equilibrium. The new free body diagram looks something like this:

Figure 2.15

Free body diagram for the unfair game of tug of war shown in Figure 2.14

In this free body diagram, the arrows still point in opposite directions, but this time one is much longer than
the other. We say that there is a “net force” to the right. And in this case, the marker is not just going to sit
motionless. And probably you know in which direction it will accelerate. Acceleration occurs in the same
direction as the net force, so in this case the marker will accelerate to the right.
How can you find the net force? With carefully drawn arrows, you can arrange them “tip-to-tail” to find the net
force. Start by re-drawing one of the arrows exactly as it is drawn in the free body diagram. Then draw the next
arrow with its “tail” starting at the “head” of the first arrow. If there were three forces, you would then draw
the third one with its tail starting at the head of the second. And you just keep adding in the arrows until you
have included all of them. Once you have drawn all of the individual forces in this way, the “net force” arrow
starts at the tail of the first arrow and ends at the head of the last arrow.
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Figure 2.16

The net force on the marker in the unfair game of tug of war

Normally you would draw all of the arrows right on top of each other, but in Figure 2.16 all of the arrows have
been stacked vertically instead, for clarity. The “whole team” arrow was draw first. Then the “one player” arrow
was drawn so that its tail lined up with the head of the whole team arrow. Those were the only two forces, so
then the “net force” arrow was drawn so that its tail lined up with the tail of the first arrow drawn and its head
lined up with the head of the last arrow drawn.

Exercise 2.3

Draw a free body diagram for a book lying stationary on a table. Is the net force on the
book zero or non-zero? Explain how you know.

Exercise 2.4

In what direction would an object accelerate if the net force on it is…
a.

Horizontally to the right

b. Vertically upward
c.

Down and to the left

Exercise 2.5

Draw a free body diagram for the vehicle being pushed by the policemen in Figure
2.10. Only include the forces in the horizontal direction. Do not include any of the
forces in the vertical direction. We will learn how to handle two-dimensional
problems later! Make a drawing to show how you would combine the forces of each of
the two policemen to determine the net force.

Exercise 2.6

Try finding the net force for the forces shown in Figure 2.15, as was done in Figure
2.16, but combine the forces in the opposite order. So draw the “one player” arrow
first, and then the “whole team” arrow second.
a.

Did you end up with the same net force?

b. Does the order in which you combine the force arrows affect the net force on an
object?

2-10

The Effect of Net Force on Momentum

Figure 2.17
Throwing
a
baseball.
(credit:
By
Tyler
Thomas
tylert22
https://unsplash.com/photos/dy6CUVvx_v0Image at the Wayback Machine (archived on 26 July
2017)Gallery
at
the
Wayback
Machine
(archived
on
16
April
2016),
CC0,
https://commons.wikimedia.org/w/index.php?curid=61876373)
We have just learned that forces affect motion. Velocity is part of the motion lens, and we know that velocity is
related to momentum. So that means that forces also have an effect on momentum. From momentum blocks,
we know that the two things that affect the amount of momentum an object has are its mass and its velocity. If
you push or pull on an object, its mass doesn’t change, but its velocity does. So what we really need to consider
is what happens to an object’s velocity when we apply a force to it.
We will start be considering an object that is not moving, like a baseball in a pitcher’s hand. If its velocity is
zero, then its momentum is also zero. If you then apply a net force to the baseball, by throwing it, the baseball
will accelerate. After applying this force, it will have a velocity. And that means it will have non-zero momentum.
The force was used to increase the momentum iii of the object.
2F

Technically, the force increased the magnitude of the momentum. That distinction will be made before the
end of this section!
iii
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But that isn’t always what happens! Consider a baseball catch.

Figure 2.18

Giancarlo Stanton catching a baseball. (credit: By Johnmaxmena2 - Own work, CC BYSA 4.0, https://commons.wikimedia.org/w/index.php?curid=50212507)

When a baseball is caught, it starts out with momentum as it flies through the air. But when it hits the glove,
the glove applies a force to the ball that makes it stop. The force took away the ball’s momentum! iv So
sometimes forces increase the momentum of an object, and sometimes they decrease it.
3F

To determine what happens to the momentum, you need to consider the direction of the force and the direction
of motion. Let’s consider the baseball throw in Figure 2.17. As the pitcher throws the ball, both its displacement
(change in position) and its velocity are to the left. And the force of the pitcher throwing the ball is also to the
left. And in this case, the momentum of the ball increases.
Now let’s consider the baseball catch in Figure 2.18. The ball is moving to the right in the picture, and when it
hits the glove, the normal force from the glove on the ball will be to the left (straight out from the inside of the
glove). So the displacement and the velocity of the ball as it is being caught will be to the right, opposite the
direction of the force that is applied. And in this case the momentum of the ball decreases.
So as you can see, if the force is in the direction of motion, the momentum increases. But, if the force is opposite
the direction of motion, the momentum decreases. And that should probably be obvious if you stop to think
about it. If you are pushing a shopping cart and you want it to go faster (gain momentum) then you push it

Similarly to the last footnote, technically it is the magnitude of the momentum that has been reduced. That
will be clarified before the end of this section.
iv
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harder in the direction it is already going. If you are pushing a shopping cart and want it to stop quickly, you
pull back on it.
But now we need to be careful. Because just as velocity can be positive or negative, momentum can be positive
or negative. Typically, the positive direction in a physics problem is defined as being either upward or to the
right. And if we take “right” to be positive, then in fact the thrown baseball started with zero momentum and
ended up with negative (left) momentum. And the force that was applied to it was also to the left (negative). So
applying a negative force to the ball made its momentum more negative.
If we keep the same conventions, then in the example of a baseball being caught, the ball started with positive
(right) momentum and after it was affected by a negative (left) force, its momentum dropped to zero, so again
the change was negative.
A force in the positive direction will make the momentum more positive, and a force in the negative direction
will make the momentum more negative. Or to state it another way, if the net force is in the direction of
motion, the magnitude of the momentum increases. But if the net force is opposite the direction of motion,
the magnitude of the momentum decreases.

Exercise 2.7

Imagine that you are in a vehicle traveling East, which we will call the positive
direction for this question. When the driver suddenly presses the gas pedal to the
floor…
a.

What happens to the magnitude of the momentum of the vehicle?

b. In what direction is the change in momentum of the vehicle, positive or negative?
c.

In what direction is the net force on the vehicle?

d. Is the direction of the net force the same as the direction of the change in
momentum? Explain why or why not.
Exercise 2.8

Imagine that you are in a vehicle traveling East, which we will call the positive
direction for this question. When the driver hits the brakes…
a.

What happens to the magnitude of the momentum of the vehicle
because of the braking?

b. In what direction is the change in momentum of the vehicle, positive or negative?
c.

In what direction is the net force on the vehicle?

d. Is the direction of the net force the same as the direction of the change in
momentum? Explain why or why not.
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The Effect of Force on Energy

Figure 2.19
Throwing
a
baseball.
(credit:
By
Tyler
Thomas
tylert22
https://unsplash.com/photos/dy6CUVvx_v0Image at the Wayback Machine (archived on 26 July
2017)Gallery
at
the
Wayback
Machine
(archived
on
16
April
2016),
CC0,
https://commons.wikimedia.org/w/index.php?curid=61876373)
Yes, that’s the same as the picture in the last section! Let’s look at exactly the same situation, but this time
through the energy lens. As the pitcher is preparing to throw the ball, the ball is not moving so it has no kinetic
energy. It is off of the ground, though, so compared to ground level it has some gravitational potential energy.
As the pitcher throws the ball, it stays at roughly the same height, so however much gravitational potential
energy it had at the start of the throw is roughly the same as the gravitational potential energy it has as the
pitcher releases the ball. But, when the pitcher releases the ball it does have kinetic energy. Earlier, we said that
energy is always conserved in an isolated system, and in this case the kinetic energy of the ball has increased.
The reason for the increase in the ball’s kinetic energy is that the ball is not an isolated system. It is being
affected by the pitcher’s hand.
As the pitcher is throwing the ball, it is moving to the left. And the force from his hand is also to the left. When
the force is in the same direction as the motion, the kinetic energy increases. That is how the ball ends up with
more kinetic energy than it had at the start.
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And now, just like last time, let’s consider a catch in baseball.

Figure 2.20

Giancarlo Stanton catching a baseball. (credit: By Johnmaxmena2 - Own work, CC BYSA 4.0, https://commons.wikimedia.org/w/index.php?curid=50212507)

At first, the baseball is moving, so it has kinetic energy. Then, it hits the glove of the player who is catching the
ball, and the glove applies a normal force to the ball in the opposite direction of its motion. And the ball stops;
the kinetic energy is gone. In this case, the force has actually taken energy away from the ball. So whenever a
force is in the direction opposing an object’s motion, it removes kinetic energy from the object.

Exercise 2.9

Imagine that you are in a vehicle traveling East, which we will call the positive
direction for this question. When the driver suddenly presses the gas pedal to the
floor…
a.

What happens to the kinetic energy of the vehicle?

b. In what direction is the force that caused this change in kinetic energy, positive or
negative?
Exercise 2.10

Imagine that you are in a vehicle traveling East, which we will call the positive
direction for this question. When the driver hits the brakes…
a.

What happens to the kinetic energy of the vehicle?
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b. In what direction is the force that caused this change in kinetic energy, positive or
negative?

Now let’s consider lifting an object up into the air. When doing a “clean and jerk,” a weightlifter is applying a
force to a barbell, lifting it from the floor to a position over his head. He is applying an upward force, and the
barbell is moving upward. So based on what we just learned, it should be natural to think that the barbell should
end with more kinetic energy than it had when it started. Before he started lifting, the barbell was not moving,
so zero kinetic energy. After he has finished lifting it above his head, it again is not moving, so zero kinetic
energy. He did an awful lot of work on the barbell. He applied a force in the direction of the motion (that’s
actually a physics definition of doing work), and the kinetic energy didn’t change! How is that possible?
There are two different ways to look at this situation. One way is to look closely at the force lens. The force
applied by the weightlifter is not the only force on the barbell—there is also gravity. When you take gravity
into consideration, the upward force of the weightlifter is exactly balanced by the force of gravity when the
barbell is either stationary or moving at constant speed. And except for a few very short times of acceleration,
sometimes upward and sometimes downward, the barbell is almost always either stationary or moving at
constant speed. So over the time interval shown in the figure, the average net force on the barbell was actually
zero. That is why there was no change in its kinetic energy.
The second way to look at this problem is using the energy lens. If we look at gravity as a source of
gravitational potential energy instead of as a force, then we can see that at the beginning of the lift there is
zero gravitational potential energy compared with the floor level. At the end of the lift, the barbell is high
above the floor, so the barbell has been given gravitational potential energy. The force applied by the
weightlifter, in the direction of the motion, did increase the energy of the barbell—it increased the
gravitational potential energy instead of the kinetic energy.
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Chapter 3

Solving Problems

A Guide to Successful Problem-Solving
From previous science experiences, many of us may have a “formulas and answers” approach:
•
•
•

Find a formula.
Put in the numbers and get an answer.
Find out if it’s right!

While this approach can work for learning how to use formulas, it isn’t particularly good for learning to think
like a scientist, or for learning to solve real-world problems. That’s why we have spent two whole chapters
working on learning concepts without even one equation. Now it is time to start adding equations to our
understanding of physics. That doesn’t mean it’s time to forget the concepts—it is time to put them to use to
help determine which equations are relevant and useful.
We will approach problems using a number of different strategies:
•
•
•
•
•
•
•

Think about what’s going on conceptually.
Draw a picture.
Look at the event through each of the four lenses and consider which is the most helpful; use
the concepts and equations associated with this lens.
Consider what would happen if the question was slightly different…if the problem were upside down,
or if one of the masses were way, way larger than the other.
Simplify the problem so the behavior will be obvious.
Imagine a scenario where you have observed something similar.
Consider whether the answer makes sense.

Finding a formula and putting in numbers can be a part of the process, but it is usually a small part.
The boldface strategies should be used with almost every undertaking; the others will be helpful sometimes;
and you may have other strategies that you will also want to use.
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What lens should I use when?
How do we know which lens to use? Practice! For many problems more than one lens will work, but often one
lens will be easier to use than another. For other problems, no single lens will work and we will need to use
more than one lens. The nice thing about these lenses is that even if you choose to try one that isn’t particularly
useful for the problem you are trying to solve, as long as you apply the lens correctly you will never get a wrong
answer. Whatever information the lens gives you will be true, whether it is useful to answering the question or
not.
With practice, we’ll get better at knowing which lens to try first. We’ll also get better at realizing when our first
choice doesn’t work and will be able to move on quickly to try a different lens. In any situation, being able to
explain why you have chosen a certain lens is just as important as being able to apply the lens to the
problem. Putting numbers in to find the answer, while satisfying, is only a small part of actually doing
physics.
Below is a simple guide for making good choices of lenses to try:
Momentum lens
If there are no external forces on a system, then momentum doesn’t change in time. It is useful in many
situations, but especially when two objects are involved in a collision, you’ll want to use the momentum
lens. How to apply it?
•
•

Make a drawing that includes the whole system.
Make sure that the total momentum of a system doesn’t change. Often that means calculating initial
momentum of the system and setting that equal to the final momentum of the system. But it can be
used at any intermediate stage as well.

Energy Lens
This is most useful when there is a transformation of energy in a system or when external work is done on the
system. For instance, if a rock falls off a cliff and hits the ground, we can say that gravitational potential energy
turns to kinetic energy and then to heat. How to apply it?
•
•
•

Make a drawing that includes the whole system.
Identify two or more times when you have information about the system or you need information
about the system.
This is an accounting task. Keep track of all forms of energy, and make sure that the sum of all of the
energy at one time is equal to the sum of all of the energy at another time, plus any work that was done
on the system between these two times (or minus any work that the system did between these two
times).

CAUTION: watch out for thermal energy! While total energy is always conserved, mechanical energy (potential
energy + kinetic energy) is not always conserved, because it can turn into thermal energy and be “lost” from
the system as heat.
Force Lens
Whenever we are concerned about forces, we will need this lens. In many cases, you will use the force lens in
conjunction with another lens. How to apply it?
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•
•
•

Make a free body diagram that includes the system or piece of the system with which you are
concerned.
Identify the forces that are involved.
Identify how the forces create acceleration, do work, or change momentum in the system.

Motion Lens
Whenever we have information related to position and/or velocity changing in time we will use the motion
lens. How to apply it?
•
•
•

Make a drawing that includes the whole system.
Identify the times when we are interested in acceleration, velocity, or position.
Use motion definitions and graphs.
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Système Internationale
Before we start using numbers, we need to understand units. Why? So hopefully you won’t make the same
mistake NASA did.
(CNN) -- NASA lost a $125 million Mars orbiter because a Lockheed Martin engineering team used English units
of measurement while the agency's team used the more conventional metric system for a key spacecraft
operation, according to a review finding released Thursday.... v
4F

The USA generally likes to consider itself to be a paragon of modern society, but when it comes to measurement
systems, we are still stuck in the 18th century. George Washington was president when France adopted the
metric system, now known as the Système Internationale (SI), and over the intervening centuries nearly every
other country in the world has adopted it as well.
In some areas, like physics, we do use SI units in the USA. There are good reasons for that. As an example, one
of the most famous equations in physics is F = m a , force equals mass times acceleration. Let’s try to use that
equation with the imperial (or US customary) units that are still used in the USA.
NOTE: THE CALCULATIONS BELOW ARE NOT CORRECT! THEY ARE MEANT TO EMPHASIZE WHY WE USE
SI UNITS IN PHYSICS INSTEAD OF IMPERIAL UNITS!
Let’s consider a child that weighs 50 pounds. What is the mass of the child? 50 pounds, right? The acceleration
of gravity at the surface of the earth is 32 ft/s2. And weight is just another name for the gravitational force on
an object, so a child that weighs 50 pounds experiences a gravitational force of 50 pounds. So, to put these
numbers into our equation…
𝑭=𝒎𝒂
𝟓𝟎 𝒑𝒐𝒖𝒏𝒅𝒔 = (𝟓𝟎 𝒑𝒐𝒖𝒏𝒅𝒔) × (𝟑𝟐

𝒇𝒕⁄
)
𝒔𝟐

We can divide both sides by 50 pounds, which then gives us…
𝟏 = 𝟑𝟐

𝒇𝒕⁄
𝒔𝟐

So, 1 = 32 !? Obviously there is a problem. The main problem is that most Americans don’t know that the correct
unit for mass in Imperial units is the slug. A slug is the mass of an object that weighs 32 pounds at the surface
of the earth. That’s why our calculation was off by a factor of 32—we used the wrong units. So if we would like
to do physics using the customary units currently used in the USA we actually have to introduce other units
that are not in regular use anywhere in the world, not even in the USA! Rather than taking this step backwards,
we step forward into using SI units.
NOTE: THE CALCULATIONS ABOVE ARE NOT CORRECT! THEY ARE MEANT TO EMPHASIZE WHY WE USE
SI UNITS IN PHYSICS INSTEAD OF IMPERIAL UNITS!
Since SI units are used in physics but not generally used in the USA, this section of the book is specifically to
help Americans get a feeling for these units. All SI units are built upon meters [m], kilograms [kg], and
seconds [s]. For that reason, it is also commonly referred to as MKS units (MKS for meter-kilogram-second).
v

http://www.cnn.com/TECH/space/9909/30/mars.metric.02/
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At least we have seconds in common! And you likely already have a good feel for the approximate length of one
second. Let’s use that to practice converting units. To convert from one unit to another, you can set up an
equation that will cancel out all of the units that you don’t want, leaving the units that you do want. For example,
if you want to find out how many seconds are in five hours, you would start with five hours and then begin
multiplying it by the appropriate conversion factors until you are left with seconds. I know that there are 60
minutes in every hour and 60 seconds in every minute, so…
𝟔𝟎 𝐦𝐢𝐧𝐮𝐭𝐞𝐬
𝟔𝟎 𝐬𝐞𝐜𝐨𝐧𝐝𝐬
𝟓 𝐡𝐨𝐮𝐫𝐬 = 𝟓 𝐡𝐨𝐮𝐫𝐬 × (
) × (
)
𝟏 𝐡𝐨𝐮𝐫
𝟏 𝐦𝐢𝐧𝐮𝐭𝐞
Do you see how the units cancel out? Hours before the parentheses cancels the hour on the bottom of the first
set of parentheses…
𝟔𝟎 𝐦𝐢𝐧𝐮𝐭𝐞𝐬
𝟔𝟎 𝐬𝐞𝐜𝐨𝐧𝐝𝐬
𝟓 𝐡𝐨𝐮𝐫𝐬 = 𝟓 𝐡𝐨𝐮𝐫𝐬 × (
) × (
)
𝟏 𝐡𝐨𝐮𝐫
𝟏 𝐦𝐢𝐧𝐮𝐭𝐞
…and minutes on the top of the first parentheses cancels minute on the bottom of the second…
𝟔𝟎 𝐦𝐢𝐧𝐮𝐭𝐞𝐬
𝟔𝟎 𝐬𝐞𝐜𝐨𝐧𝐝𝐬
𝟓 𝐡𝐨𝐮𝐫𝐬 = 𝟓 𝐡𝐨𝐮𝐫𝐬 × (
) × (
)
𝟏 𝐡𝐨𝐮𝐫
𝟏 𝐦𝐢𝐧𝐮𝐭𝐞
…and now the only units left on the right side are seconds. So if I do the multiplication I will be left with the
number of seconds on the right side.
𝟓 𝐡𝐨𝐮𝐫𝐬 = 𝟓 × (

𝟔𝟎
𝟔𝟎 𝐬𝐞𝐜𝐨𝐧𝐝𝐬
) × (
) = 𝟏𝟖, 𝟎𝟎𝟎 𝐬𝐞𝐜𝐨𝐧𝐝𝐬
𝟏
𝟏

Then we should also be sure to use the correct SI abbreviation for seconds, [s]…
𝟓 𝐡𝐨𝐮𝐫𝐬 = 𝟏𝟖, 𝟎𝟎𝟎 𝐬
You should always include the units with your numbers to make sure that they really do cancel out in the ways
that you expect them to. If they do not cancel out correctly then you have made an error in your calculations.

Exercise 3.1

How many seconds…
a.

…are in a day?

b. …are in a year?
c.

…does it take to get to class from your home?

Now let’s try lengths. This time the units will be less familiar to those in the USA; Appendix A contains tables
with conversions between SI units and US Customary units and some of the most common metric prefixes. The
exact same procedure is used as was used in the example for time above, making sure that units cancel out
appropriately.
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Exercise 3.2

Convert each of the following into the SI unit for length:
a.

Ten feet.

b. A half mile.
c.

Exercise 3.3

10 centimeters.

Sometimes you will have to deal with units that are not in the appendix. So you will
need to use information you already know or find the conversion factor elsewhere.
Convert each of the following into the SI unit for length:
d. Six inches.
e.

100 yards.

The third base SI unit is the kilogram, used for mass. As noted before, mass is a difficult concept for most people.
It is not the same as weight! Mass is the amount of “stuff” and weight is how much the force of gravity pulls on
that stuff. If you went to the surface of the moon, you would still have the same mass, but your weight would
be smaller because the moon’s gravity is weaker than the earth’s gravity. In Appendix A, there is a full sentence
for converting between pounds and kilograms for this very reason. We will not usually deal with slugs because
they are such an uncommon unit, but you should clearly understand that “pound” is a unit of force, not mass.

Exercise 3.4

What is the mass in SI units of an object that has a weight of 8 pounds at the surface of
the earth?
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Estimation as a “Sanity Check”
When solving a physics problem, it is always a good idea to do a “sanity check” with your answer before
deciding that you are finished. For example, if you are asked to calculate the average amount of sleep a person
gets in one day and your answer comes out as 15 seconds, most likely you have made an error in your
calculations and you should go back through them looking for an error!
When doing sanity checks like this, you do not need to be concerned about getting the number exactly right. It
is fine to just round everything to one digit as you do the calculation, because you are only trying to see whether
your answer could possibly be reasonably close. So what is a reasonable estimate for the average amount of
sleep a person gets in one day? Maybe about seven hours, right? It has to be less than 24 hours, certainly!
𝟔𝟎 𝐦𝐢𝐧𝐮𝐭𝐞𝐬
𝟔𝟎 𝐬𝐞𝐜𝐨𝐧𝐝𝐬
𝟕 𝐡𝐨𝐮𝐫𝐬 × (
) × (
) = 𝟕 × 𝟔𝟎 × 𝟔𝟎 𝐬 ≈ 𝟒𝟎𝟎 × 𝟔𝟎 𝐬 ≈ 𝟐𝟎, 𝟎𝟎𝟎 𝐬
𝟏 𝐡𝐨𝐮𝐫
𝟏 𝐦𝐢𝐧𝐮𝐭𝐞
You can see that in this sort of estimation the math doesn’t have to be exactly right. In the example above, every
step of math was rounded to just one digit. This doesn’t give you the correct answer, but it is enough to convince
you that if your calculated answer is 15 and your estimate is 20,000 then you have made an error somewhere.

Exercise 3.5

For each of the following, state whether the answer is reasonable. If it isn’t reasonable,
give your own rough estimate of what the right answer is. Remember to use SI units
(m, kg, s) for all of your answers.
a.

Height of an average person: 70 m

b. Mass of an average person: 70 kg
c.

Typical commute time to work: 70 s
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Dimensional Analysis
The base units for mass, length, and time can help you solve some simple problems, but we have also been
learning about momentum, force, energy, acceleration, and velocity, none of which is mass, length, or time! But
they can all be built from those three base units.
Velocity is one of the simplest of these built-up units. Probably you are already familiar with some units of
velocity.
In the USA, when the speed limit says “75,” it means 75 miles per hour. So that’s a distance per time. Velocity
and speed have the same unit, it is just that velocity also includes direction so it could be positive or negative
or left, right, East, North, etc.
The SI unit for speed has to be made from the base SI units m, kg, and s. Distance has to be meters and time has
to be seconds, so velocity has to be measured in m/s.

Exercise 3.6

Convert the following into SI units.
a.

Interstate highway speed: 75 mph (miles per hour)

b. Walking speed: 4 mph
c.

Speed on a European road: 50 km/h (kilometers per hour)

Now that we have a unit for velocity that we can build on, let’s consider momentum. The momentum of an
object is related to the size (area) of its momentum block. A momentum block is a rectangle that has mass as a
width and velocity as a height.

Figure 3.1

A momentum block is a rectangle with mass as width and velocity as height.

The area of a rectangle is the length of the rectangle times the height of the rectangle, so the momentum of an
object is its mass times its velocity. The symbol used to represent mass in physics is m, which makes sense. The
symbol used for velocity is v, which also makes sense. But for reasons unknown even to Google, the symbol
used for momentum is p. So the equation defining momentum is
𝒑= 𝒎∙𝒗
Equation 3-1
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We can use this equation to determine the SI unit for momentum, by adding units to the equation.
𝐦
𝐤𝐠 ∙ 𝐦
𝒑 = 𝒎 [𝐤𝐠] ∙ 𝒗 [ ] = 𝒎 ∙ 𝒗 [
]
𝐬
𝐬
From this equation, we can see that the units for momentum are [kg·m/s]. This technique for finding units
is called “dimensional analysis” because it looks only at the units of an equation. Dimensional analysis can also
be used as a “sanity check” on answers. If you are trying to solve for momentum and you get an answer with
units of m/s then you know that there was a mistake somewhere because the dimensions are wrong.
If you use both dimensional analysis and estimation to check your answers in a physics problem, you improve
your chances of finding any errors you have made. Neither of these techniques can guarantee that your answer
is correct, but they can often tell you that your answer is not correct.

Exercise 3.7

What is the momentum of each of the following? Be sure to use the correct SI units.
a.

A 70 kg sprinter running at 10 m/s

b. A 15,000 pound truck going down the interstate at 65 mph

Exercise 3.8

A physics problem asks you to find the final speed of an object. Your final answer is
17 m. What does dimensional analysis tell you about your answer—is it definitely
right, possibly right, or definitely wrong?

Exercise 3.9

A physics problem asks you to find the final speed of an object. Your final answer is
17 m/s. What does dimensional analysis tell you about your answer—is it definitely
right, possibly right, or definitely wrong?

3-9

Chapter 4

Building Mathematical Models

What is a Mathematical Model?
Physics is all about trying to understand the world around us. But that world is complicated. We try to make
simplifications that let us understand one small piece of it at a time, and these simplifications result in various
models of physical behavior. We have looked so far at the conceptual models of motion, force, momentum, and
energy. Now it is time to add in the mathematical parts. The mathematical models we will be using are
descriptions of the physical world that have been developed over the course of time and have been shown to
be useful in many different situations. But in some extreme environments (near a black hole, for example, or
inside an atom), these mathematical models no longer work well, so modifications are made to these models
or in some cases completely new models are created.
So that’s why we call them mathematical models. What do they look like? They are equations. But they are a bit
different from the equations in math class where the variable “x” can represent the size of an angle or a number
of apples, or really anything else that you can imagine. In physics, we will be careful to always use the same
variable to represent the same thing. “x” will always be a position. And sometimes in a single problem there
will be several positions that are of interest, so to differentiate between those positions we will use subscripts.
The final position of an object will be xf, for example. And the initial position of an object will be xi. Time will be
t, and we will be free to make time start wherever we would like. I don’t mean shifting the date of the big bang,
but rather deciding where to start the stopwatch in each situation. Most often t=0 will be chosen to be at the
beginning to make things easier to think about, so in that case xi is often called x0, signifying that it is x at time
t = 0.
Sometimes we will be considering how much something is changing, so we also use a special character to
represent change: the capital Greek letter Delta, Δ. So Δx means the change in x, which is the change in
position, also called the displacement.

∆𝒙 = 𝒙𝒇 − 𝒙𝒊
Equation 4-1
Appendix B contains a table of all the variables and subscripts that are used in this book.

Exercise 4.1
a.

What is the total displacement of each of the following objects?
A child that starts at position x=3 m and ends at position x=7 m

b. A child that starts at position x=7 m and ends at position x=3 m
c.

A child that starts at position x=3 m, goes first to position x=7 m and then returns to
position x=3 m
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Building Mathematical Models from Graphs
The mathematical models that we will use do not replace the motion maps, graphs, etc. that we have already
been learning. They provide a complementary way of looking at the same situations, using numbers instead of
images. In fact, far from being completely different from the graphical representations that we have been using,
we can create mathematical models from the graphs. Consider this question:
An object starts at rest at position zero and accelerates at a constant rate a. What is the change in its position
(its displacement) in time t?
We can make a graph of acceleration for the object. It’s just a straight horizontal line, since a is constant. We
aren’t told whether a is positive or negative, but for now we will just assume that it is positive.

Figure 4.1

A graph of constant acceleration “a” (with unknown units) from t = 0 to some later time
“t”

It seems we have a problem already. If we are going to start using numbers in mathematical models, we need
units, and we don’t know the units for acceleration. But we do know that acceleration is the slope of a velocity
graph, and that can help us work out the units for acceleration.

Figure 4.2

A graph of velocity when the initial velocity is zero and acceleration is “a,” from t = 0 to
some later time “t.”
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The slope of a graph is the “rise over the run,” in other words, the amount it goes up divided by the amount it
goes across. In this case that means the acceleration is the change in velocity Δv (the rise) divided by Δt (the
run), so…

𝒂𝒂𝒗𝒈 =

∆𝒗
∆𝒕
Equation 4-2

Here we have given a the subscript avg to denote that it is the average acceleration over time Δt. We will work
almost exclusively with physical situations where a is constant, and if it is constant then a is the same as aavg.
Now we can use dimensional analysis to figure out what the units of acceleration should be, since we know that
velocity is measured in [m/s] and time is measured in [s].

𝑎[? ] =

∆𝑣[m⁄s]
∆𝑣 m⁄s
∆𝑣 m
=
[
]=
[ ⁄s 2 ]
∆𝑡[𝑠]
∆𝑡 s
∆𝑡

The units for acceleration (the question mark in the mathematical model above) must be [m/s2]. That looks
like a crazy unit! Who has ever heard of a second squared? It doesn’t make sense to us. But let’s look at it in an
example we may be more familiar with. We often report acceleration of cars as the time necessary to attain a
speed of 60 mph. For instance, the Tesla Model S accelerates to 60 mph in about 3 seconds. That’s about 30 m/s
in 3 seconds, so the speed increases 10 m/s every second: its acceleration from rest is about (10 m/s)/s, or 10
m/s2. So the unit really does match with our experience.
Now we can go back and add units to Figure 4.1,

Figure 4.3

A graph of constant acceleration “a” from t = 0 to some later time “t”

We can also use Equation 4-2 to make improvements on Figure 4.2, because we know that “Δ” means “final
minus initial,” and in this problem the initial time and initial velocity are both zero, and the final t is just called
“t.”

𝒂=

𝒗𝒇 − 𝒗𝒐
𝒗𝒇 − 𝟎
𝒗𝒇
∆𝒗
=
=
=
∆𝒕
𝒕𝒇 − 𝒕𝒐
𝒕𝒇 − 𝟎
𝒕
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…which can be re-arranged to…

𝒗𝒇 = 𝒂 · 𝒕
…so v at time t is a·t.

Figure 4.4

If the initial velocity is zero and the acceleration is a constant a, the final velocity is a·t

So now we have a lot of information about the velocity, but the question we were initially trying to answer
was about the change in position. There is an easy way to find the displacement from a velocity vs time graph.
We already know that the slope of a position graph gives the velocity graph, and the slope of the velocity
graph gives the acceleration graph, but you can go the other direction as well. The area under the curve in
an acceleration vs time graph gives the change in velocity. Let’s check that. In Figure 4.4, the velocity
starts at zero and ends at a·t , so the change in velocity is a·t – 0, or simply a·t. And what is the area under the
curve in the corresponding acceleration graph?

Figure 4.5

The same acceleration vs time graph that we have been using, but with the area under
the curve filled in

The area under the curve is a rectangle with width t and height a. So that area is a·t. So you can see that the
area under the curve in the acceleration graph really is the change in the velocity in the corresponding velocity
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graph. Now let’s consider the relationship between the position curve and the velocity curve. Since velocity is
the slope of a position vs time graph, the change in position Δx (the rise) divided by Δt (the run) must be the
velocity, mathematically:

𝒗𝒂𝒗𝒈 =

∆𝒙
∆𝒕

So velocity has exactly the same relationship to displacement that acceleration has to velocity. That means the
area under the curve in a velocity vs time graph is equal to the displacement. What is the area under the
velocity curve that we have been considering?

Figure 4.6

The area under a velocity vs time curve is the displacement.

If we can figure out the area under that triangular shape above, that will tell us the distance the object moved
over this time interval. The area of a triangle is given by…

𝑨𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 =

𝟏
𝒃∙𝒉
𝟐

…where A is area, b is the width of the base, and h is the height of the triangle. In our case, the width of the
triangle is t and the height of the triangle is a·t. So for this situation,

∆𝒙 =

𝟏
𝟏
𝟏
𝟏
𝒃 ∙ 𝒉 = 𝒕 ∙ (𝒂 ∙ 𝒕) = 𝒂 ∙ 𝒕 ∙ 𝒕 = 𝒂 ∙ 𝒕𝟐
𝟐
𝟐
𝟐
𝟐

And now we’ve finally got the answer to the question that was asked at the beginning of this section: An object
starts at rest at position zero and accelerates at a constant rate a. What is its displacement in time t? The answer
is

∆𝒙 =

𝟏
𝒂 ∙ 𝒕𝟐
𝟐

What if a is a negative number? In that case, it just means that we should put a negative number into the
equation, and the displacement will also turn out to be negative. We also need to consider other situations,
when the object is not starting at rest, but is initially already moving. Using the symbol v0 for initial velocity,
the velocity vs time graph would be…
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Figure 4.7

A velocity vs time graph for an object that starts with an initial velocity v0 and
accelerates at a constant rate a

Now the velocity starts at a different point than zero, but still goes up with the same slope a so the change in
velocity is still the same. So our final velocity becomes...

𝒗𝒇 = 𝒗𝟎 + 𝒂 · 𝒕
Equation 4-3
This equation is always true for an object with constant acceleration, but remember that vf is the final velocity,
not the average velocity. And now the area under the curve is more complicated than before, but it can easily
be broken up into a triangle and a rectangle:
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Figure 4.8

A velocity vs time graph for an object that starts with an initial velocity v0 and
accelerates at a constant rate a, with the area under the curve broken into familiar
shapes

The area of the triangle is the same as before, but now we have added a rectangle with height v0 and width t.
This gives us a total area under the curve (and so a total displacement) …

𝟏
∆𝒙 = 𝒗𝟎 ∙ 𝒕 + 𝒂 ∙ 𝒕𝟐
𝟐
Equation 4-4
This equation is always true for an object with constant acceleration. If we are interested in the average
velocity, we can divide Equation 4-4 by t, which is the same as Δt if the initial time is t=0, to get…

𝒗𝒂𝒗𝒈

∆𝒙 𝒗𝟎 ∙ 𝒕 𝟏 𝒂 ∙ 𝒕𝟐
𝟏
=
=
+
= 𝒗𝟎 + 𝒂 ∙ 𝒕
∆𝒕
𝒕
𝟐 𝒕
𝟐

…and if you rearrange Equation 4-2 to solve for a and then substitute it in, you can generate another version of
the equation for vavg that does not involve time. Depending on the situation, any of these versions could be more
useful than the other.

𝒗𝒂𝒗𝒈 =

∆𝒙
𝟏
𝟏
= 𝒗𝟎 + 𝒂 ∙ 𝒕 = (𝒗𝟎 + 𝒗𝒇 )
∆𝒕
𝟐
𝟐
Equation 4-5

And again, this equation is always true for an object with constant acceleration.
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Exercise 4.2
a.

From a stop, it takes a typical sprinter six seconds to reach a top speed of 10 m/s.
What is the sprinter’s initial velocity v0?

b. What is the sprinter’s final velocity vf? Assume she is running in the positive direction.
c.

What is the sprinter’s average velocity vavg over this first 6 seconds of the run?

d. What is the sprinter’s average acceleration aavg during this first 6 seconds of the run?
e.

What is the sprinter’s displacement Δx over this first 6 seconds of the run?

f.

Draw a graph of velocity vs time for the runner during this first 6 seconds of the run.

g.

Show how each of your answers to parts a, b, d, and e are shown on your graph.

Exercise 4.3

a.

A sprinter is running down a sidewalk at a top speed of 10 m/s when suddenly a car
pulls out of a driveway in front of her and she quickly stops. It takes her three seconds
to come to a stop. For this question, you should consider the “initial” time to be when
she sees the car and begins to slow down, and the “final” time to be the moment that she
stops moving.
What is the sprinter’s initial velocity v0? Assume she is running in the positive direction.

b. What is the sprinter’s final velocity vf?
c.

What is the sprinter’s average velocity vavg over these 3 seconds?

d. What is the sprinter’s average acceleration aavg over these 3 seconds?
e.

What is the sprinter’s displacement Δx over these 3 seconds?

f.

Draw a graph of velocity vs time for the runner during these 3 seconds.

g.

Show how each of your answers to parts a, b, d, and e are shown on your graph.

Exercise 4.4

a.

You are a law-abiding citizen driving at 55 mph on the interstate, and then the speed
limit goes up to 75 mph. You accelerate uniformly over a period of four seconds to the
new speed limit.
Convert the speeds to SI units.

b. What is your average acceleration as you change from 55 mph to 75 mph?
c.

What distance does your car travel while you are accelerating from 55 mph to 75 mph?
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Conservation of Momentum Using Mathematical Models
We already know from Equation 3-1 that momentum p is mass m times velocity v. And we know from Section
1.3 that momentum is conserved, as long as there are no external forces acting on the system that is being
considered. We can express conservation of momentum mathematically by saying that the momentum of the
system at some initial time is equal to the momentum at some final time. That’s what conserved means!

𝒑𝒊 = 𝒑𝒇
Equation 4-6
This equation is always true for any object or system of objects that are not being affected by any forces outside
of the system. If we consider just a single object of mass m with no external forces acting on it…

𝒎 ∙ 𝒗𝒊 = 𝒎 ∙ 𝒗𝒇
…and the mass is the same on both sides, so it cancels out, leaving…

𝒗𝒊 = 𝒗𝒇
This idea is often expressed as Newton’s First Law of Motion, “Every object persists in its state of rest or uniform
motion in a straight line unless it is compelled to change that state by forces acting upon it.” vi Note that it is
called a law of motion. Most physics textbooks introduce it along with forces. And here it comes from
conservation of momentum! Three different lenses all giving the same result!
0F

Conservation of momentum really becomes useful when two objects interact with each other. Let’s go back to
the example of Newton’s cradle from Section 1.3.

vi

Principia Mathematica Philosophiae Naturalis, Sir Isaac Newton, 1686
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Figure 4.9

A ball striking four others in a Newton’s Cradle

We learned before that the momentum blocks for this situation look like this…

Figure 4.10

Momentum blocks for the situation represented in Figure 4.9

This time let’s consider what would happen if all of the balls were covered in superglue. The four at the bottom
are already stuck together. When the ball on the left (Ball #1) hits the others, it will also stick. Then we would
start with five balls that all have equal mass, with just one moving, and end up with one big stuck-together line
of balls that has a mass five times bigger than an individual ball. What would the momentum block look like for
the five balls stuck together? Something like this:
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Figure 4.11

Momentum block for five balls all stuck together. Note that the heights of all five balls
are the same since they have the same speed. Also note that the total size of the
momentum blocks is the same as the total size of the momentum blocks was before the
collision.

I have made one wide block, about five times as wide as I made for the single balls before. And to keep the size
of the block the same, I made it about 1/5 as high as the block for Ball 5 in Figure 1.16. So that means the speed
of the five superglued-together blocks should be 1/5 as fast as the speed of the one ball that was initially
moving.
This same result can be found using Equation 4-6:

𝒑𝒊 = 𝒑𝒇
This time we need to consider all parts of the system in our analysis. That means five balls, so adding a number
subscript for each ball, this becomes

𝒑𝟏𝒊 + 𝒑𝟐𝒊 + 𝒑𝟑𝒊 + 𝒑𝟒𝒊 + 𝒑𝟓𝒊 = 𝒑𝟏𝒇 + 𝒑𝟐𝒇 + 𝒑𝟑𝒇 + 𝒑𝟒𝒇 + 𝒑𝟓𝒇
…or with each ball having the same mass m…

𝒎 ∙ 𝒗𝟏𝒊 + 𝒎 ∙ 𝒗𝟐𝒊 + 𝒎 ∙ 𝒗𝟑𝒊 + 𝒎 ∙ 𝒗𝟒𝒊 + 𝒎 ∙ 𝒗𝟓𝒊 = 𝒎 ∙ 𝒗𝟏𝒇 + 𝒎 ∙ 𝒗𝟐𝒇 + 𝒎 ∙ 𝒗𝟑𝒇 + 𝒎 ∙ 𝒗𝟒𝒇 + 𝒎 ∙ 𝒗𝟓𝒇
…and since all except Ball #1 have zero initial velocity…

𝒎 ∙ 𝒗𝟏𝒊 = 𝒎 ∙ 𝒗𝟏𝒇 + 𝒎 ∙ 𝒗𝟐𝒇 + 𝒎 ∙ 𝒗𝟑𝒇 + 𝒎 ∙ 𝒗𝟒𝒇 + 𝒎 ∙ 𝒗𝟓𝒇
…and since all five balls have the same final velocity, which we can just call vf…

𝒎 ∙ 𝒗𝟏𝒊 = 𝟓𝒎 ∙ 𝒗𝒇
…and now we can divide both sides by m, leaving…

𝒗𝟏𝒊 = 𝟓𝒗𝒇
…or in other words the final velocity of the superglued balls is 1/5 of the initial velocity of Ball #1.
We can also consider collisions between other objects, like a car and a truck.
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Figure 4.12

The faster car hits the slower truck. The lengths of the arrows represent the magnitude
(size) of the momentum. During the collision, the repulsive force between the two
increases the momentum of the truck, and reduces the momentum of the car by the
same amount. Thus, the total momentum of the car/truck system remains constant.

Consider what happens when a car bumps into a truck, as shown in Figure 4.12. There is a repulsive force
between the two vehicles, pushing the car backwards and the truck forwards. The momentum that the car loses
in the collision is equal to the momentum that the truck gains in the collision. So, the total change in momentum
of the system is zero; momentum is conserved.

Exercise 4.5

Consider a collision between a small car and a large truck on an icy road (so the
system is just the two vehicles), where the vehicles stick together after the collision.
Draw labeled momentum blocks for each of the following:
a. The car moving at high speed just before the accident
b. The truck moving in the same direction at low speed just before the accident
c. The stuck-together car/truck system just after the accident

Exercise 4.6

Now let’s try the same thing with numbers. Consider a collision between a car with a
mass of 1000 kg and an initial velocity of 50 m/s to the East and a truck with a mass of
4000 kg and an initial velocity of 10 m/s to the East. They are on an icy road (so the
system is just the two vehicles), and the vehicles stick together after the collision.
What is the final velocity of the stuck-together car/truck system just after the
accident?

Exercise 4.7

A fly smashes into your windshield as you are driving.
a. Draw momentum blocks of the fly and the car before and after the collision.
b. Which has the greater change in momentum, the fly or the car, or are they the
same?
c. Which has the greater change in velocity, the fly or the car, or are they the same?
d. Are your answers to part b and part c the same? If not, how can that be?
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Equation 4-6 for conservation of momentum is valid any time there are no external forces acting on the system.
But what if there are external forces? Now it is time for a more careful definition of a force. In Chapter 1 a force
was defined as a “push” or a “pull.” Now we will more clearly define it as something that causes a change in
momentum over time, or to say it mathematically…

𝑭=

∆𝒑
∆𝒕
Equation 4-7

The SI unit for force is the Newton [N]. And the equation above can tell us what a Newton is in terms of the
base SI units m, kg, and s. If we put units into the equation above, we get…

𝑭[𝐍] =
…so 1 [N] is 1 [

kg∙m
s2

∆𝒑 [

𝐤𝐠 ∙ 𝐦⁄
𝐤𝐠 ∙ 𝐦⁄
𝐬] ∆𝒑 [
𝐬] ∆𝒑 𝐤𝐠 ∙ 𝐦
=
=
[ 𝟐 ]
[𝐬]
∆𝒕[𝐬]
∆𝒕
∆𝒕
𝐬

]. To get an idea about what a Newton feels like, pick up a deck of playing cards. The force

that you need to use to lift the deck of cards is approximately one Newton, assuming you are doing this while
on the surface of the earth. Equation 4-7 can be rewritten in terms of velocity, giving…

𝑭=

∆𝒑 ∆(𝒎 ∙ 𝒗)
=
∆𝒕
∆𝒕

…and since mass is generally constant and only velocity changes, this is the same as…

𝑭=

𝒎 ∙ ∆𝒗
∆𝒗
=𝒎∙
∆𝒕
∆𝒕

…and we know that acceleration is the change in velocity over time, so…

𝑭= 𝒎∙𝒂
Equation 4-8
…which is probably the second most famous equation in physics. It is usually referred to as Newton’s Second
Law of Motion, but in fact that is not correct. Newton’s Second Law in fact defines force as a change in
momentum over time, Equation 4-7. vii
1F

Exercise 4.8

vii

A cannon gives a cannonball an initial upward momentum of 200 kgm/s in 0.01 s.

Principia Mathematica Philosophiae Naturalis, Sir Isaac Newton, 1686
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a.

How large is the force on the cannonball?

b. What is the acceleration of the cannonball inside the cannon?
Exercise 4.9

Consider a collision between a car with a mass of 1000 kg and an initial velocity of
50 m/s to the East and a truck with a mass of 4000 kg and an initial velocity of 10 m/s
to the East. They are on an icy road (so the system is just the two vehicles), and the
vehicles stick together after the collision. The collision lasts 0.02 seconds.
a. What is the force of the car on the truck during the collision?
b. What is the force of the truck on the car during the collision?

In the collision between the car and the truck, it was noted that since the total momentum of the system is
constant (no external forces), the momentum gained by the truck is exactly equal to the momentum lost by
the car. The time of the collision is also the same for the car and truck—the car is pushing on the truck for the
same amount of time that the truck is pushing on the car. If we look at that mathematically,

∆𝒑 = ∆𝒑𝒄𝒂𝒓 + ∆𝒑𝒕𝒓𝒖𝒄𝒌 = 𝟎
∆𝒑𝒄𝒂𝒓 = −∆𝒑𝒕𝒓𝒖𝒄𝒌
…and if we divide both sides by the time of the collision we can find the force of the truck on the car and the
force of the car on the truck…

∆𝒑𝒄𝒂𝒓
∆𝒑𝒕𝒓𝒖𝒄𝒌
=−
∆𝒕
∆𝒕
𝑭𝒄𝒂𝒓 = −𝑭𝒕𝒓𝒖𝒄𝒌
…so the force on the car is the same magnitude but the opposite direction as the force on the truck. This is
often referred to as Newton’s Third Law of Motion, “for every action there is an equal and opposite
reaction.” viii Forces always come in pairs. Which should make sense. If you feel a push, then you know that
something pushed you—there is always another object involved. A force can’t just come from nowhere.
2F

Exercise 4.10

viii

A fly smashes into your windshield as you are driving. Which has the greater force
applied to it during the collision? The fly or the car? Explain.

Principia Mathematica Philosophiae Naturalis, Sir Isaac Newton, 1686
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Work and Energy
In Section 4.3 we improved on our definition of force. Now it is time to improve on our definition of work. In
Chapter 1 work was defined in terms of energy and energy in terms of work. Now we will define work in
terms of force and displacement:

𝑾 = ∆𝑬 = 𝑭∆𝒙
Equation 4-9
…where W is the work done, ΔE is the change in energy, F is the force, and Δx is the change in position
along the direction of the force. The SI unit of both work and energy is the Joule [J]. ix Work and energy
are scalars, which means that they have magnitude but not direction.
3F

A force does work on an object as it moves over a distance. Think of an egg falling to the floor and breaking
because of the force of gravity acting on it. If it falls only a short distance, the shell may not break, but the
amount of work available to break the shell increases with the distance the egg falls. Since energy is the
ability to do work, that means that as the distance increases, so does the amount of energy. The change in the
energy of an object (which is also the same as the work done on the object) is equal to the force exerted on it
(in this case gravity) multiplied by the distance traveled in the direction of the force.

Exercise 4.11

Following the same method used in Section 4.3 to determine that 1 N = 1 kg·m/s2, find
out what 1 J is equivalent to in base SI units.

Exercise 4.12

If a sled dog pulls with a force of 200 N, how much work does the dog do in moving the
sled 5 m? Draw a picture, and consider whether your answer makes sense—would the
dog be doing work if it were pulling a sled? Trace the energy transformations starting
with the work the dog is doing.

If a force acts on an object over a certain distance, doing work on the object, it is the object’s kinetic energy Ek
that will increase. And we can go back through the motion equations to relate the kinetic energy to the
velocity of the object. This is done algebraically below, not so much so that you will be able to repeat the
calculations but to help you understand that the energy equations are tightly connected to the equations for
force and motion, so no matter which lens you go through the answers should always be consistent. Now, we
will relate kinetic energy to velocity when it is only the force F involved and all of the work is producing
kinetic energy: The force creates an acceleration…

∆𝑬𝒌 = 𝑭∆𝒙 = 𝒎 ∙ 𝒂 ∙ ∆𝒙
…and if we want to relate everything back to velocity then we should try to change both acceleration a and
displacement Δx into something that contains velocity…

In the US we use a variety of different units for energy, depending on the context. Some of these units
include the foot-pound, the British Thermal Unit (BTU), the kilocalorie (also known as the Calorie with a
capital C), and the kilowatt-hour (kWh). We will stick with Joules!
ix
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∆𝑬𝒌 = 𝒎 ∙ 𝒂 ∙ ∆𝒙 = 𝒎 ∙ (

∆𝒗
) ∙ (𝒗𝒂𝒗𝒈 ∙ ∆𝒕)
∆𝒕

…because acceleration is a change in velocity over time and average velocity is displacement over time. Then
our Δt’s cancel…

∆𝑬𝒌 = 𝒎 ∙ (

∆𝒗
) ∙ (𝒗𝒂𝒗𝒈 ∙ ∆𝒕) = 𝒎 ∙ ∆𝒗 ∙ 𝒗𝒂𝒗𝒈
∆𝒕

…and we know that change in v is just the difference between vf and vi, and also vavg is just the average of vf
and vi, so…

∆𝑬𝒌 = 𝒎 ∙ ∆𝒗 ∙ 𝒗𝒂𝒗𝒈 = 𝒎 ∙ (𝒗𝒇 − 𝒗𝒊 ) ∙ (

𝒗𝒇 + 𝒗𝒊
)
𝟐

…and we can simplify by recognizing that if we bring that 2 out of the parentheses, what we have left in the
parentheses is a difference of squares…

𝒗𝒇 + 𝒗𝒊
𝟏
) = 𝒎 ∙ (𝒗𝒇 𝟐 − 𝒗𝒊 𝟐 )
∆𝑬𝒌 = 𝒎 ∙ (𝒗𝒇 − 𝒗𝒊 ) ∙ (
𝟐
𝟐
…and finally we have something just in terms of mass and velocity. If the initial velocity was zero then the
initial kinetic energy would also be zero, and that gives us a general equation of the kinetic energy of an
object:

𝑬𝒌 =

𝟏
𝒎 ∙ 𝒗𝟐
𝟐
Equation 4-10

We can also use this to create another equation of motion, by going back a few lines of equations to include a
form that still had acceleration in it…

𝒎 ∙ 𝒂 ∙ ∆𝒙 =

𝟏
𝒎 ∙ (𝒗𝒇 𝟐 − 𝒗𝒊 𝟐 )
𝟐

…and we can divide both sides by m and also multiply both sides by 2 to get rid of the fraction. Rearranging to
a more useful form, this leaves us with:

𝒗𝒇 𝟐 = 𝒗𝒊 𝟐 + 𝟐𝒂 ∙ ∆𝒙
Equation 4-11
This is usually presented as an equation of motion, though it is strongly related to work and energy, and it is
not related to how something moves in time, which is what we usually think of when we are considering
motion.

Exercise 4.13

What is the kinetic energy of each of the following? Be sure to use the correct SI units.
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a.

A 70 kg sprinter running at 10 m/s

b. A 15,000 pound truck going down the interstate at 65 mph
Exercise 4.14

A constant force of 98 N is applied to a 10 kg object that was initially at rest.
a.

What will the speed of the object be after it has moved 1 m?

b. What will the speed of the object be after it has moved 10 m?
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Chapter 5

1-D Situations

A sample question: One object with no external forces
Let’s consider a lonely object moving through space, the Voyager 1 spacecraft, which was launched in 1977 and
is currently (in 2018) roughly 21 billion kilometers (2.1  1013 m) from the earth. It is moving away from us at
more than 13,000 m/s, and its motion is largely unaffected by the earth, the sun, or anything else. And
amazingly enough, it is still communicating daily with NASA scientists here on earth! x NASA expects that its last
scientific instruments will have to be turned off somewhere around the year 2030 because of lack of power.
Here is the question:
Approximately how far away, in kilometers, will the Voyager 1 spacecraft be when the last instrument is
turned off? Convert that distance to miles, and also convert the speed to miles per hour.
To solve the problem, we start by thinking about what is happening, drawing a picture, and deciding on a lens
to use. So in 2018 it looks kind of like this…

…with the spacecraft moving away. So by 2030 the spacecraft should be farther away, since the velocity is
moving it farther away from the earth. Now which lens to use:
•
•
•
•

Motion – this problem is all about motion without external forces, so maybe?
Momentum – definitely momentum is conserved, but since there is no other object with which to
exchange momentum this is probably not the best choice.
Energy – there is certainly kinetic energy since the spacecraft is moving. But not really any energy
transformations happening, so also probably not the best choice.
Force – with only one object and no external forces this is probably also not the best choice. But it
does at least tell us that no work is done on the spacecraft, the momentum of the spacecraft doesn’t
change, and the acceleration is zero.

Let’s try motion! According to Equation 4-4…

𝟏
∆𝒙 = 𝒗𝟎 ∙ 𝒕 + 𝒂 ∙ 𝒕𝟐
𝟐

x

https://voyager.jpl.nasa.gov/news/details.php?article_id=48
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…and that Δx is a change in position. Since there are no external forces acting on the spacecraft, the acceleration
is zero. We know the starting position in 2018, and if we get the change in position with this equation we can
use that to find the final position 12 years later, in 2030, which is what we are actually trying to find.

So we have an equation to give us the answer, but we need to be careful. Look at the units we have. We want
the times to cancel out, leaving just meters. So that means we either need to change seconds into years or else
we need to change years into seconds. The standard unit for time is seconds, so let’s go that direction.

Now we can use the equations to find the answer to the first part of the question.…

𝟏
∆𝒙 = 𝒗𝟎 ∙ 𝒕 + 𝒂 ∙ 𝒕𝟐
𝟐
…and since a = 0…

∆𝒙 = 𝒗𝟎 ∙ 𝒕
𝒙𝒇 − 𝒙𝒊 = 𝒗𝟎 ∙ 𝒕
𝒙 𝒇 = 𝒗𝟎 ∙ 𝒕 + 𝒙 𝒊

…where the answer has been rounded to get the same number of digits as the numbers in the original question.
That’s not the best way to decide how many digits to use in your answer, but for this class, it’s good enough!
So now we have an answer for the first part, but to be sure we really should do some sort of reality check. First,
does the answer make sense? We decided at the beginning that it should be farther away in 2030 than it is in
2018. And it is! That’s a good sign. Also, we know it was launched in 1977, so after 40 years it has gone 21
billion kilometers, so approximately 5 billion km every 10 years, so another 10 years should take it probably 5
billion km more if the speed was constant. And that’s what we found!

Exercise 5.1

Finish answering the question, by converting the distance to miles and the speed to
miles per hour.
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Exercise 5.2

Go back through the example in this section, comparing to strategies in the second
bullet list in Section 3.1. Which strategies were used? Note that the reasoning often
takes more time than the equations. And the reasoning is more important for
understanding physics!
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A sample problem: Head-on collision
We have looked at collisions where both objects are moving in the same direction, but what if they aren’t?
Momentum is a vector, so it has both size and direction. So things will change if the direction is different. That
should be fairly obvious if you think about it. Suppose you are driving down the interstate at 65 mph and then
you are hit from behind by a car that is going 66 mph. That’s not good, but as long as the drivers don’t panic,
odds are that the damage will be minimal. Now imagine that you are driving down the interstate at 65 mph and
are hit head-on by a car going 66 mph. That collision would be catastrophic. Let’s look at a problem like that.
We will use SI units this time, so we can focus more on the physics than on conversion factors.
Consider a collision between a car with a mass of 1000 kg and an initial velocity of 50 m/s to the East and a
truck with a mass of 4000 kg and an initial velocity of 10 m/s to the West. They are on an icy road (so the system
is just the two vehicles), and the vehicles stick together after the collision. What is the final velocity of the stucktogether car/truck system just after the accident? Which lens should we use?
•

•

•

•

Motion – there is motion in this problem, with some sort of acceleration during the impact. Maybe a
good choice? Although time isn’t mentioned, and usually the motion lens is most useful when looking
at how things change in time.
Momentum – there are (almost) no outside forces on the system of two vehicles, so the total
momentum doesn’t change during the collision. But we can see that momentum is transferred
between the vehicles. This looks promising.
Energy – we start with kinetic energy in the car and the truck, and probably end up with kinetic
energy in the car-truck wreckage, and also some thermal energy would be created at the impact.
Definitely there are energy transformations, but without knowing or figuring out the final thermal
energy we won’t be able to find the final speeds. So this could work, but may not be the best
approach.
Force – there are definitely forces involved in the collision, but again we would have to find what the
forces were before we could use this lens to solve the problem. So again, this may not be the best
approach.

Let’s try momentum! Since there are no outside forces on the system, we need to set up the equations to make
sure that the total momentum before the collision is equal to the total final momentum, as described by
Equation 4-6…

𝒑𝒊 = 𝒑𝒇
𝒑𝒄𝒂𝒓,𝒊 + 𝒑𝒕𝒓𝒖𝒄𝒌,𝒊 = 𝒑𝒄𝒂𝒓,𝒇 + 𝒑𝒕𝒓𝒖𝒄𝒌,𝒇
𝒎𝒄𝒂𝒓 ∙ 𝒗𝒄𝒂𝒓,𝒊 + 𝒎𝒕𝒓𝒖𝒄𝒌 ∙ 𝒗𝒕𝒓𝒖𝒄𝒌,𝒊 = 𝒎𝒄𝒂𝒓 ∙ 𝒗𝒄𝒂𝒓,𝒇 + 𝒎𝒕𝒓𝒖𝒄𝒌 ∙ 𝒗𝒕𝒓𝒖𝒄𝒌,𝒇
…and since the car and truck are stuck together at the end, their velocities have to be equal…

𝒎𝒄𝒂𝒓 ∙ 𝒗𝒄𝒂𝒓,𝒊 + 𝒎𝒕𝒓𝒖𝒄𝒌 ∙ 𝒗𝒕𝒓𝒖𝒄𝒌,𝒊 = (𝒎𝒄𝒂𝒓 + 𝒎𝒕𝒓𝒖𝒄𝒌 ) ∙ 𝒗𝒇
…and now we can solve that equation for vf, which is what we wanted to find.
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𝒗𝒇 =

(𝒎𝒄𝒂𝒓 ∙ 𝒗𝒄𝒂𝒓,𝒊 + 𝒎𝒕𝒓𝒖𝒄𝒌 ∙ 𝒗𝒕𝒓𝒖𝒄𝒌,𝒊 )
(𝒎𝒄𝒂𝒓 + 𝒎𝒕𝒓𝒖𝒄𝒌 )

…and now we can put in the numbers from the question…

𝐦
𝐦
𝐬 + 𝟒𝟎𝟎𝟎 𝐤𝐠 ∙ (−𝟏𝟎 𝐬 ))
(𝟏𝟎𝟎𝟎 𝐤𝐠 + 𝟒𝟎𝟎𝟎 𝐤𝐠)

(𝟏𝟎𝟎𝟎 𝐤𝐠 ∙ 𝟓𝟎
𝒗𝒇 =

…where we have taken East to be the positive direction, making West negative. Then cranking through the
math…

(𝟓𝟎 𝟎𝟎𝟎
𝒗𝒇 =

𝐤𝐠 ∙ 𝐦
𝐤𝐠 ∙ 𝐦
(
))
−
𝟒𝟎
𝟎𝟎𝟎
𝐬
𝐬
(𝟓𝟎𝟎𝟎 𝐤𝐠)

𝒗𝒇 =

𝐤𝐠 ∙ 𝐦
𝐬 = 𝟐𝐦
𝟓𝟎𝟎𝟎 𝐤𝐠
𝐬

𝟏𝟎 𝟎𝟎𝟎

Two meters per second! The vehicles lost almost all of their initial speed. But they have the same total
momentum. In this case, their momenta almost completely canceled. The car/truck wreckage ends up moving
very slowly to the East (because the answer is positive), because the car had slightly more momentum than the
truck before the collision.

Exercise 5.3

Consider a collision between a car with a mass of 1000 kg and an initial velocity of
10 m/s to the East and a truck with a mass of 4000 kg and an initial velocity of 50 m/s
to the West. They are on an icy road (so the system is just the two vehicles), and the
vehicles stick together after the collision. What is the final velocity of the stuck-together
car/truck system just after the accident?
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Gravitational Force at the Surface of the Earth
Back in the 16th century, Galileo Galilei is said to have dropped two spheres of different masses from the top of
the leaning tower of Pisa, demonstrating that they both took the same amount of time to fall to the ground. This
story is most likely just a legend, but whether it is or not, the physical conclusion is correct. If the two spheres
both started with zero velocity and accelerated constantly, ending up in the same place at the same time, their
accelerations are the same.
That’s actually a surprising result, because with any kind of force other than gravity, if you increase the mass
of the object and keep everything else constant, you will reduce its acceleration. But with gravity, changing the
mass has no effect on the object’s acceleration! That means that the gravitational force increases as the mass
increases.
Careful measurements at the earth’s surface give an acceleration due to gravity of approximately 9.8 m/s2, a
value commonly referred to as g. We know from Equation 4-8 that force is equal to mass times acceleration…

𝑭= 𝒎∙𝒂
…and if a = g at the surface of the earth, that must mean that the gravitational force at the surface of the earth
Fg is…

𝑭𝒈 = 𝒎 ∙ 𝒈
Equation 5-1
Knowing this, how long did it take Galileo’s spheres to fall from the top of the leaning tower of Pisa, a height of
55 m?
First, we need to decide which lens to use:
•
•

•

•

Motion – this problem involves time. That is a really good indication that this lens will be needed.
Momentum – gravity causes an external force on the system, if you consider the system to be just the
sphere. So the sphere’s momentum is not conserved. If we wanted to include the earth in our system
(because the earth is the source of the gravity felt by the sphere), then momentum would be
conserved. But that sounds like too much work—let’s try to avoid that if we can.
Energy – this is a possibility, because we have a force acting over a distance, and that means work is
being done, and also kinetic energy is changing. But we are looking for a time, and the energy lens
doesn’t deal with time. So we might get interesting information with this lens, but it won’t be the
information we are actually looking for!
Force – we start out knowing a force, and looking for its effect on the motion of an object. So it
certainly sounds like we will need to use the force lens.

So it looks like we will need the force lens and the motion lens. We were just looking at the equations that link
force to motion, so we can start there, knowing that the force we are interested in is the gravitational force.

𝑭𝒈 = 𝒎 ∙ 𝒈 = 𝒎 ∙ 𝒂
…which tells us that a=g, which is actually how we found Equation 5-1 to begin with. Then, according to
Equation 4-4…
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𝟏
∆𝒙 = 𝒗𝟎 ∙ 𝒕 + 𝒂 ∙ 𝒕𝟐
𝟐
We are going to want to use g for the acceleration, but we should think carefully about the sign before we put
it into the equation. Usually when we do problems in the vertical direction, it is customary for the positive
direction to point up. And if you drop something, it accelerates downward. So while “g” is taken to be a
positive number, it acts in the negative direction. So a will actually end up being -g in our equation. So…

𝟏
𝟏
∆𝒙 = 𝒗𝟎 ∙ 𝒕 + 𝒂 ∙ 𝒕𝟐 = 𝒗𝟎 ∙ 𝒕 + (−𝒈) ∙ 𝒕𝟐
𝟐
𝟐
…and when Galileo dropped the spheres their initial speed was zero, so…

∆𝒙 =

𝟏
𝟏
(−𝒈) ∙ 𝒕𝟐 = − 𝒈 ∙ 𝒕𝟐
𝟐
𝟐

…and now we can re-arrange our equation to solve for t.

𝟏
∆𝒙 = − 𝒈 ∙ 𝒕𝟐
𝟐
−𝟐 ∙ ∆𝒙 = 𝒈 ∙ 𝒕𝟐

−𝟐 ∙ ∆𝒙
= 𝒕𝟐
𝒈

𝒕𝟐 =

−𝟐 ∙ ∆𝒙
𝒈

𝒕=√

−𝟐 ∙ ∆𝒙
𝒈

Now that equation looks like a problem. We won’t get a real number if we take the square root of a negative
number! But in fact it isn’t a problem here. Think about Δx. When the sphere is dropped, it starts 55 meters
above the ground and ends on the ground. And if positive is upward, that means the change in position is
going to be negative. So what we have inside the square root is a positive number after all. Putting the
numbers in…
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𝒕=√

−𝟐 ∙ (𝒙𝒇 − 𝒙𝒊 )
−𝟐 ∙ (𝟎 𝐦 − 𝟓𝟓 𝐦)
𝟏𝟏𝟎 𝐦
√
=√
=
= 𝟑. 𝟑𝟓 𝐬
𝒈
𝟗. 𝟖 𝐦/𝐬𝟐
𝟗. 𝟖 𝐦/𝐬𝟐

…so it took the spheres 3.35 seconds to fall from the top of the leaning tower of Pisa. The other equations of
motion can then be used to find other information, like the final velocity of the spheres just before they hit the
ground.

Exercise 5.4

At what speed would a sphere be moving just before it hit the ground if it were dropped
from a height of 55 m?

Exercise 5.5

From what height would you have to drop a sphere so that…
a.

…it would hit the ground at a speed of 9.8 m/s? How long would it take the sphere
to fall this distance?

b. …it would hit the ground at a speed of 98 m/s? How long would it take the sphere
to fall this distance?
c.

Can you explain using words why your answers to part b are 10x your answers to
part a? Or explain why they aren’t 10x?
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Gravitational Potential Energy
We’ve been thinking about the force of gravity at the Earth’s surface. And we know from Equation 4-9 that work
is done by a force acting over a distance:

𝑾 = ∆𝑬 = 𝑭 ∙ ∆𝒙
So we can also consider the work needed to overcome the force of gravity. We can apply an upward force to an
object on the earth’s surface, lifting it upward.

Exercise 5.6

What is the force of gravity at the Earth’s surface on a cat with a mass of 4 kg?

Exercise 5.7

How much work is needed to lift a 4-kg cat 2 meters up into the air?

Consider your answer to Exercise 4.5. If the cat started at rest on the floor, and ended at rest 2 meters above
the floor, and some amount of work was done on the cat, how was energy conserved? Conservation of energy
says that the change in energy must be equal to the work put into the system. For any object of mass m, if you
lift it upward some distance y, the increase in gravitational potential energy of the object must be equal to the
amount of work you did in lifting it:
𝑬𝒈 = 𝒎 ∙ 𝒈 ∙ 𝒚

Equation 5-2

where Eg is gravitational potential energy, m is the mass of the object, g is the acceleration of gravity, and y is
the height of an object...but the height above what? The ground? A table? The center of the earth? Actually it
doesn’t matter what you use as your “y = 0” reference point, as long as you consistently measure heights from
the same point in any given problem. It usually simplifies the math if you choose the starting point or the ending
point as y=0.
What happens if the cat that you lifted 2 meters into the air in Exercise 4.6 decides that it doesn’t want to be up
there, and jumps back down? Gravitational potential energy transforms to kinetic energy from the time it
begins the jump until the time just before it hits the ground. Assuming no outside forces are acting on the cat
besides the force of gravity, the kinetic energy it has just before hitting the ground would be exactly equal to
the gravitational energy it had just before it jumped.
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That tells us something about the velocity of the cat just before it touches the ground. But we are trying to learn
about energy.
𝑬𝒈 (𝐢𝐧𝐢𝐭𝐢𝐚𝐥) = 𝒎 ∙ 𝒈 ∙ 𝒚 = 𝑬𝒌 (𝐟𝐢𝐧𝐚𝐥)
where EK is kinetic energy. We just saw that for this problem 𝒗𝟐 = 𝟐𝒈𝒚 , and if we multiply both sides by m and
shift it around a bit, we recover the relationship between mass, velocity, and kinetic energy:
𝒎∙𝒈∙𝒚=

𝟏
𝒎 ∙ 𝒗𝟐 = 𝑬𝒌 (𝐟𝐢𝐧𝐚𝐥)
𝟐

Exercise5.8

You have two rocks: rock A has a mass of 10 kg and is 6 m off of the ground; Rock B has
a mass of 6 kg and is 10 m off the ground. What is the ratio of the gravitational potential
energy of rock A to rock B?

Exercise 5.9

You have two rocks: rock A has a mass of 10 kg, is 6 m off of the ground, and is moving
at a speed of 2 m/s; Rock B has a mass of 6 kg and is 10 m off the ground, and is moving
at a speed of 4 m/s. What is the ratio of the gravitational potential energy of rock A to
rock B?
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Exercise 5.10

You have two rocks dropped from a height of 3 m. Rock A has a mass of 2 kg and Rock B
has a mass of 4 kg. What is the ratio of their speeds when they hit the ground?

Exercise 5.11

Rock A has a mass of 2 kg and Rock B has a mass of 4 kg. What is the ratio of their speeds
when they hit the ground if Rock A is dropped from a height of 8 m and Rock B is
dropped from a height of 4 m?

So far in this section we have only looked at situations where the initial speed is zero. What if it isn’t? In that
case, if you are using the energy lens (like we are in this whole section), you just need to add in the initial kinetic
energy to the question.

Exercise 5.12

At what speed would a sphere be moving just before it hit the ground if…
a.

…it were dropped from a height of 55 m?

b. …it were thrown downward with an initial speed of 10 m/s from a height of 55 m?
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Chapter 6

Two Dimensions

Figure 6.1 The archer on the left has just fired an arrow at the target. The arrow is visible just to the
right of the first tree on the left. If it continues in the direction it is currently moving, it will go high
over the target. But, during the arrow’s flight the force of gravity pulls it downward, changing the
direction of the arrow’s flight so it hits the target.

Reference frames
So far, we have only dealt with problems that are one-dimensional, either vertical or horizontal. But we live in
a world that is more complicated than that, so let’s start to consider what happens when things can start
moving in more than one direction. To begin, imagine holding a ball and dropping it, watching it fall to the
ground. A motion map for this would look something like Figure 6.2.

Figure 6.2 A motion map of a ball falling under the influence of gravity
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That should look fairly familiar at this point. Let’s consider something else that should be familiar. Imagine
you are standing on a train that is moving to the right at constant speed, holding a ball in your hand. The
motion map for the ball would look something like Figure 6.3.

Figure 6.3 A motion map of a ball on a train moving at constant velocity
There is a conceptual leap between the motion maps in Figure 6.2 and Figure 6.3, and I want to pause for a
moment and make sure that you understand the leap. In Figure 6.2, you were holding the ball and then
watching it drop. Your point of view, or “reference frame” was yourself. You were standing there watching the
ball fall. Perhaps it is our innate egocentricity, but we tend to always see the world from our own reference
frame, as if we ourselves are not moving. For instance, if you are sitting in an airplane flying eastward, you
don’t experience yourself as moving. You see yourself sitting stationary in a seat, and everyone around you is
also stationary. You look down, and you see the ground going backwards, westward. But it is possible to also
consider someone else’s reference frame. Imagine a person on the ground watching you in the airplane above
them. From their point of view, they are stationary and you are moving eastward.
Look again at Figure 6.3 and the description just above it. In that figure, the reference frame is not yourself. If
you used yourself as a reference point, and all you are doing is holding the ball in your hand, the motion map
would just be a dot. No motion! What did we use as a reference frame in Figure 6.3? The ground outside the
train—you can think of it as somebody standing outside the train watching you go by with the ball in your
hand. Figure 6.3 is drawn from that person’s reference frame.
Sometimes switching to a different reference frame can make a situation easier to understand, and the
important thing to remember is that as long as your reference frame is not accelerating, all of the laws of
physics remain true. If your reference frame is accelerating, “apparent forces” will appear, seeming to
change the laws of physics. An example of this is trying to take a drink from a glass while traveling in a car.
Probably you are skilled enough to drink from a glass without making too much of a mess under normal
circumstances. But what if you are taking a drink from a glass while in a car when the driver suddenly speeds
up, slams on the brakes, or makes a sharp turn? When that sudden acceleration happens, all of the expected
laws of physics in the reference frame of you sitting in a car are suddenly modified, causing your drink to
experience unexpected forces in unusual directions. And all of your years of practice at learning to master the
laws of physics related to drinking from a glass become futile, with the result that your shirt is drenched and
your friendship with the driver is tested.
If we want to take advantage of using different reference frames, it is important for us to be able to convert
between them. The left side of Figure 6.4 shows how a tree sees the world, where we let East be the positive
direction. The tree sees Pete driving his red car at 30 m/s East (positive direction), and sees you driving at
20 m/s West (negative direction) in your race cart. Note that the tree sees itself as having no velocity.
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Figure 6.4 Comparison of reference frames
Now, imagine Pete in his red car in the picture on the right side of Figure 6.4. Pete sees himself sitting still
(stationary in his reference frame!), but he sees the tree zipping backwards past him, going to the West
(negative) at 30 m/s! And Pete also sees you really blasting by him with a velocity of 50 m/s in the negative
direction. Note the way that the velocities compare in these two frames. In the tree’s reference frame, the
tree’s velocity is zero, and everything else’s velocity is relative to the tree. In Pete’s reference frame, his
velocity is zero. To switch from the reference frame on the left to the one on the right, in order to change
Pete’s velocity to zero we had to subtract 30 m/s. So for all other speeds in Pete’s reference frame, we need to
subtract that same 30 m/s. In other words, to switch from the tree’s reference frame to Pete’s reference
frame, you just need to subtract Pete’s velocity from everything in the tree’s reference frame.

Exercise 6.1

Draw the scenario from Figure 6.4 from the reference frame of you in the blue cart.
Include the speed and direction of you, Pete, and the tree in your drawing.

Exercise 6.2

A claim was made in this section that as long as your reference frame is not accelerating,
all of the laws of physics remain true. Test that claim by considering the following car
crash: You are traveling North at 15 m/s, and a car next to you with a mass of 400 kg is
also traveling North at 15 m/s. Another 400-kg car is ahead of you traveling South, also
at 15 m/s. The oncoming car collides with the car that was traveling next to you,
bringing both of them to a complete stop as observed by a person standing by the side
of the road.
a.

Verify that the total momentum of the two cars that were involved in the collision
was conserved in the reference frame of the person standing by the road.

b. Verify that the total momentum of the two cars that were involved in the collision
was conserved in your reference frame as you continue driving North at 15 m/s.
c.

Find the amount of kinetic energy that was changed to thermal energy in the crash
in the reference frame of the person standing by the road.

d. Find the amount of kinetic energy that was changed to thermal energy in the crash
in your reference frame as you continue driving North at 15 m/s. .
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e.

Does the amount of energy that was changed into thermal energy depend upon your
reference frame?

f.

Does the total amount of kinetic energy of each vehicle depend upon your reference
frame?

g.

Did you find anything that all of the laws of physics were still true when you changed
reference frames?

Two-dimensional motion maps
Let’s look again at the motion maps in Figure 6.2 and Figure 6.3. The first figure shows the ball falling in your
reference frame, and the second shows you holding the ball from the reference frame of somebody who is
outside of the train, watching it go by. Now let’s try to imagine what the person outside the train would see if
you let go of the ball as you were going past them. As was described in the last section, the way to convert
from one reference frame to another is to subtract the speed of the object on which the new reference frame
will be based from everything in the old reference frame.
If we start in your reference frame on the train, we can watch the ball accelerate downward. Now if we want
to switch to the reference frame of the person outside of the train, we need to subtract that person’s velocity
in your reference frame from the velocity of the falling ball as seen in your reference frame. In a motion map,
the arrows that go from one dot to the next represent velocity. In the second motion map, all of the arrows
point to the right, indicating that the person who is not on the train sees you moving to the right. That means
that you would see that person moving to the left. Now to switch the falling ball from your reference frame to
that of the person outside of the train, you have to subtract those left-pointing velocity arrows from the falling
ball’s downward-pointing arrows. And as it turns out, subtracting arrows that go to the left is the same as
adding arrows that go to the right. (A double negative! Read through that a couple of times to convince
yourself.) So to see the ball falling from the reference frame of the person outside the train, we need to add
the arrows in Figure 6.2 to the arrows in Figure 6.3. Remember that we add vectors by putting the arrows
tail-to-tip. So combining those arrows using vector addition gives the motion map shown in Figure 6.5.

Figure 6.5 A two-dimensional motion map of a ball that is dropped from a moving train, from the
frame of reference of someone standing outside of the train. The horizontal dashed gray arrows show
the motion of the train as observed by the person standing outside of the train. The vertical dashed
gray arrows show the motion of the ball as observed by a person on the train.
So while the person on the train where the ball was dropped sees it falling straight down, the person who is
outside of the train sees it falling in a parabolic shape. In both cases, the horizontal velocity is constant—in
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the train’s reference frame the horizontal velocity of the ball is zero, and in the reference frame of an observer
who is not on the train, the horizontal velocity of the ball is equal to the velocity of the train.

Exercise 6.3

Draw motion maps for a rock that is not dropped on a train, but thrown from a platform
on a train. Use right as the “positive” direction, and have the person on the train throw
the rock horizontally to the right while the train is moving to the left.

a.

Draw a motion map for the rock in the reference frame of the person throwing it.

b. Draw a motion map for the rock in the reference frame of a person standing next to
the track, if the train was moving 10 m/s to the left and the person on the train (in
their frame of reference) threw it at 10 m/s to the right.
c.

Draw a motion map for the rock in the reference frame of a person standing next to
the track, if the train was moving 20 m/s to the left and the person on the train (in
their frame of reference) threw it at 10 m/s to the right. Would the rock hit the train
in this situation? Why or why not?

Motion in Two Dimensions
In the two-dimensional motion map in Figure 6.5, notice that there is an acceleration, caused by gravity. It is
changing the vertical part of the velocity. But look at the horizontal part—even though there is an
acceleration of gravity, the part of the velocity that is horizontal stays constant, as if there were no
acceleration at all. This is the key to understanding two-dimensional motion: the horizontal (usually
called “x”) components of the motion are completely independent of the vertical (usually called “y”)
components of the motion.
If you need to cross a river in a boat, the speed of the water flowing in the river could be very small or very
large, but no matter how quickly the water is flowing it will not help you to get across. It’s going the wrong
way for that. Although this is less obvious, a rapidly flowing river doesn’t actually slow down your ability to
get to the other side of the river if you row straight across the river. But if it is flowing quickly it will mean
that you will reach the other side far downstream from where you started. This is shown in Figure 6.6.
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Figure 6.6 Three rowboats pointing directly South across a rivers that are flowing East. The rate that
the boat crosses the river depends only on the velocity of the boat going South. But the relative speed
of the East-flowing river determines how far the boat will travel downstream before reaching the
other side.
The distance the boat will travel downstream depends upon the velocity of the river and also the time it takes
to cross. The “kinematic equations” of motion can be used to solve this problem. Since the “x” and “y”
directions are independent of each other, the equations can be written completely separately for x and y:
Table 6.1 Kinematics equations in two dimensions. Remember that these equations are only valid
when acceleration is constant!

𝒗𝒙 = 𝒗𝟎𝒙 + 𝒂𝒙 𝒕

𝒗𝒚 = 𝒗𝟎𝒚 + 𝒂𝒚 𝒕

𝒗𝒙 + 𝒗𝟎𝒙
)𝒕
∆𝒙 = (
𝟐
𝟏
∆𝒙 = 𝒗𝟎𝒙 𝒕 + 𝒂𝒙 𝒕𝟐
𝟐

𝒗𝒚 + 𝒗𝟎𝒚
)𝒕
∆𝒚 = (
𝟐
𝟏
∆𝒚 = 𝒗𝟎𝒚 𝒕 + 𝒂𝒚 𝒕𝟐
𝟐
𝟐
𝟐
𝒗𝒚 = 𝒗𝟎𝒚 + 𝟐𝒂𝒚 ∆𝒚

𝒗𝒙 𝟐 = 𝒗𝟎𝒙 𝟐 + 𝟐𝒂𝒙 ∆𝒙

Notice that “x” position, velocity, and acceleration are all only in the “x” side of this table of equations, and the
“y” position, velocity, and acceleration are all only in the “y” side of this table of equations. The only thing that
appears on both sides is the time “t.” The time can be a useful link between the two.
Consider the rowboat crossing the rivers in Figure 6.6. If the rowboat can go forward at 0.5 m/s, the river is
20 m wide, and it is completely still like in the top part of the figure, how long will it take for the rowboat to
reach the other side, and how far will it have drifted downstream by the time it reaches the opposite bank?
We can solve the problem like this:
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And what if the river is flowing, like in the middle part of Figure 6.6? We would solve it this way:
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Exercise 6.4

Refer to Figure 6.6. If the rowboat can go forward at 0.8 m/s, the river is 24 m wide, the
rowboat is pointed directly South, and the river is flowing East at 4 m/s…
a.

How much time will it take the rowboat to reach the opposite bank?

b. How far will the rowboat have drifted downstream by the time it reaches the
opposite bank?

Ballistic Motion
There is a class of physics problems that fall into the category of “ballistic motion.” Ballistic motion is the
motion of an object under the influence of gravity and no other forces. This is the situation with many objects
that are launched into the air, so we will look at a few of these problems. We have actually already done some
ballistic motion, for example the motion maps in Figure 6.5 and Exercise 6.3. Let’s look again at that exercise.
If the person throws the rock at 10 m/s in a horizontal direction, the rock has a mass of 2 kg, and it leaves his
hand at an initial height that is 3 m from the ground, let’s see what we can learn about the path the rock takes,
and any other information we can learn along the way as well.
To start, we already learned from the motion map what the path will look like, and we can add the numbers
given to the picture.
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Figure 6.7 Sample problem for ballistic motion
Next, we know the initial energy of the rock,

where yi is 3 m and vi is 10 m/s in the positive x direction.

And if we assume that there is no air resistance, that tells us the final speed of the rock just before it hits the
ground:

So now we know the final speed, but we do NOT know the direction in which the rock is moving. That 12.6 m/s
is partly in the x direction and partly in the y direction. Now let’s try the motion lens. First in the x direction.
We know v0x = 10 m/s. The only acceleration in the air is gravity in the y direction, so ax = 0. That means
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so x is constantly changing. And if we knew the time t when the rock hit the ground, we would know how far it
traveled horizontally before hitting the ground. Maybe we can get that from the y direction. The equation will
look similar to the one we used in the x direction.

The initial velocity was only in the x direction, so v0y = 0. Acceleration in the y direction was gravity, pointing
down, so ay = -10 m/s2. So,

We know that the rock will hit the ground when y = 0, and the initial y was +3 m, so the rock hits the ground
when

That is the amount of time that the rock was in the air after being thrown. We can use that to find how far the
rock went horizontally before it hit the ground:

We also know a bit more about the velocity just before the rock hit the ground.
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Wait a minute! Do we have a mistake somewhere? The first thing we found was that the final speed
vf = 12.6 m/s. But then we found the final velocity in the x direction was vfx = 10 m/s and the final velocity in
the y direction was vfy = -7.7 m/s. But how can that be? Shouldn’t vf = vfx + vfy? Actually, it does, sort of!
Remember, v is supposed to be a vector, so in fact if we want to add the x and y components of the velocity
you have to use vector addition:
⃑⃑⃑⃑
𝒗𝒇 = ⃑⃑⃑⃑⃑⃑
𝒗𝒇𝒙 + ⃑⃑⃑⃑⃑⃑
𝒗𝒇𝒚
And remember, with vector addition we need to add tail-to-tip. So, the vector addition of the x and y
components of the velocity looks like this:

Figure 6.8 Using vector addition to combine final x and y components of velocity into a final velocity
vector
And if you have ever learned the Pythagorean Theorem, you may recognize that this is a right triangle, so the
sum of the squares of the two legs (vfx and vfy) should equal the square of the hypotenuse (vf). And in fact this
is the case. 102 + 7.72 = 12.62 ! I didn’t use -7.7, because the arrow in the picture already shows it going
downward, in the negative direction. But even if I did use the negative value it wouldn’t matter, because
102 + (-7.7)2 = 12.62 as well. So we don’t have a mistake after all!
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Figure 6.9 Two archers are aiming at targets the same distance away. The arrow of the archer on the
left is pointed upward more steeply than the arrow of the archer in the center. They are both
proficient at archery so both of their arrows will actually hit the targets.
Exercise 6.5

See Figure 6.9. The two archers are aiming at targets that are 40 m away. The targets
are both at the same height above the ground, roughly the same height from which the
arrows are being fired. The archer on the left is using a recurve (Olympic style) bow,
and the archer in the middle is using a compound (hunting style) bow. If the arrows
traveled in a straight line with no gravitational force, the one fired from the recurve
bow would be too high, missing the target by 12 m. The arrow fired from the compound
bow would also be too high, but only by 2 m.
a.

Make a drawing showing both archers firing from the same location, hitting the
same target, but along different paths based on the angle that the archers are
aiming their bows. Include dotted lines showing the paths the arrows would take if
gravity had no effect.

b. By how much does the acceleration of gravity change the vertical position of the
arrow fired from the recurve bow by the time it reaches the target?
c.

How much time would the arrow from the recurve bow have to spend in the air so
that gravity would have the effect described in part b?

d. Find the initial horizontal speed of the arrow fired from the recurve bow.
e.

Find the initial vertical speed of the arrow fired from the recurve bow. (Use your
dotted line!)

f.

Use the Pythagorean Theorem to find the initial speed of the arrow fired from the
recurve bow.

g.

By how much does the acceleration of gravity change the vertical position of the
arrow fired from the compound bow by the time it reaches the target?

h. How much time would the arrow from the compound bow have to spend in the air
so that gravity would have the effect described in part g?
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i.

Find the initial horizontal speed of the arrow fired from the compound bow.

j.

Find the initial vertical speed of the arrow fired from the compound bow.

k. Use the Pythagorean Theorem to find the initial speed of the arrow fired from the
compound bow.
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Let’s look at a problem where the initial speed is zero, and then change it so that the initial speed is not zero.
Here is the question:
You go on a super slippery water slide that drops 10 meters to the ground.
a.
b.
c.

What is your speed at the bottom of the slide if you start at rest at the top?
What if you are a fast runner and were able to enter the top of the slide at an initial speed of 10
m/s? What would your speed be at the bottom?
What is your speed half way down the slide if you start at rest at the top?

Let’s start with a picture.

We should try using the energy lens because we have gravitational potential energy at the beginning and kinetic
energy at the end, and since the slide is “super slippery” that means we don’t need to worry about friction. So
we conserve energy from the top to the bottom…

That’s a big equation! But we can simplify it, because v at the top is zero, at least for part a. And, we are free to
choose any place on our drawing to make y = 0. It looks like the bottom of the ramp is a good choice. Also, all of
the masses cancel out. So…
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14 m/s is approximately 30 mph, so a “medium car speed.” That seems like a reasonable answer for part a.
Now, to part b…it’s tempting to say that we can just add the starting speed of 10 m/s to our answer from part
a to get the new answer, so 10 m/s + 14.1 m/s = 24.1 m/s. However, speed is not conserved; energy is
conserved. To find the actual speed at the bottom, we need to use the same equation as before, but include the
starting speed. So…

17 m/s is much slower than our initial thought that we should just add 10 m/s to our answer from part a! What
was wrong with our initial reasoning about just adding the speeds? Do you remember that velocity increases
with time if acceleration is constant? If you take a running start on the slide, your time on the slide is much less
than if you started at rest. That means less time for acceleration! So a motion lens also shows that you can’t just
add the speeds together to get the right answer.

Exercise 4.1

Now try part of the slippery slide problem c on your own. Again, you should be able to
use the same approach, but this time your final y value isn’t at the bottom of the ramp.
It’s in the middle.

Exercise 4.2

I throw a rock upward with an initial speed of 20 m/s.

a.

How high does it get?

b. What is its speed when it is 10 m high?
c.

What is its speed when it comes back down to the same height that it was when you
threw it?
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Chapter 7

Thermal Energy and Friction

Figure 6.1 A racecar locking its brakes. The tires are smoking from the heat generated by friction with
the road. (Photo credit: CC BY-SA 2.0, https://commons.wikimedia.org/w/index.php?curid=192252)

Friction
So what happened to all of the energy!? Energy is also supposed to be conserved if there are no external forces
doing work on a system. That can be seen in Equation 4-9:

𝑾 = ∆𝑬 = 𝑭∆𝒙
If there is no external force, then the work has to be zero…

𝑾 = ∆𝑬 = 𝟎
And we know that “Delta” means “final minus initial,” so…

∆𝑬 = 𝑬𝒇 − 𝑬𝒊 = 𝟎
…and re-arranging that equation gives…

𝑬𝒇 = 𝑬𝒊
The initial energy is all kinetic (Ek), in the motion of the two vehicles, and we know from Equation 4-10 that
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𝑬𝒌 =

𝟏
𝒎 ∙ 𝒗𝟐
𝟐

…so we could be tempted to substitute all of the kinetic energies into our equation and solve for any unknowns.
But that wouldn’t work! Any time there is a collision where things get stuck together or become deformed,
some energy is “lost” to heat. In other words, thermal energy is created. and if we consider only the separate
kinetic energies of the car and truck before and after the collision…

𝑬𝒄𝒂𝒓,𝒇 + 𝑬𝒕𝒓𝒖𝒄𝒌,𝒇 = 𝑬𝒄𝒂𝒓,𝒊 + 𝑬𝒕𝒓𝒖𝒄𝒌,𝒊
…so…

𝟏
𝟏
𝒎𝒄𝒂𝒓 ∙ 𝒗𝒄𝒂𝒓,𝒇 𝟐 + 𝒎𝒕𝒓𝒖𝒄𝒌 ∙ 𝒗𝒕𝒓𝒖𝒄𝒌,𝒇 𝟐
𝟐
𝟐

….
….THIS IS WHERE THE CHAPTER IS SUPPOSED TO START!
….
Friction is a word that is often used outside of physics, in a completely different context. If there is a lot of
friction in your relationship with someone, that means you always feel like you are fighting with them, and the
situation can get pretty hot. Bringing the word “friction” into the context of physics, things are pretty much the
same. Friction is a force that always fights against motion. And it transforms kinetic energy into thermal energy,
so situations again can get pretty hot.
Let’s consider hammering a nail into a board. You can’t (usually) push a nail into a board with just your hand.
The force of friction between the nail and the board, pushing back against you, is too strong. But if you use a
hammer, you can generate enough force to push the nail into the board. Once the nail starts moving, it doesn’t
just keep going through the board. It stops quickly, again because the friction doesn’t want it to go into the
board—it is opposing the motion.
What if you then realize that you have put the nail in the wrong place, so now you have to pull the nail back out.
Again, you (usually) can’t pull a nail out of a board just with your hands. You have to use the claw part of the
hammer to generate enough force to pull the nail out because of the friction between the nail and the board. So
when you tried to push the nail in, the friction pushed back at you, and when you tried to pull the nail out, the
friction pulled back at you. That’s what it means to say that the force of friction always fights against motion.

Thermal Energy
Have you ever touched a nail immediately after you’ve hammered it into the board and then pulled it back out?
What did you notice? The nail gets really hot! All of that work that you did giving the nail kinetic energy to go
into the board, and all of the work you did giving the nail kinetic energy so it would come back out, changed
into thermal energy. That’s an example of how friction transforms kinetic energy into thermal energy.
Any time that there is a collision and something deforms, thermal energy is created, whether that thing is wood
deforming to allow a nail to enter or the bumper of a car. Let’s look again at the collision of a car and a truck
that we have already seen in Section 3.7. This time we will ask a different question:
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A 1000 kg car moving at 20 m/s strikes a stationary 4000 kg truck. The two stick together and continue
moving on the very slippery ground. Was any thermal energy produced in this collision? If so how many
Joules of thermal energy were produced? If not, how can you be sure no thermal energy was produced?

We will need two different lenses to answer this question. First, the momentum lens can give us the final
velocity of the car-truck wreckage, since there are no external forces and momentum is conserved. And second,
by using the energy lens we can find the initial kinetic energy and the final kinetic energy. Since there are no
other types of energy in this problem, any energy difference between the initial and final energy must have
been “lost” as thermal energy, Eth.
Since we already used the momentum lens in Section 3.7, let’s just refer to the answer we already found instead
of solving the problem again. We found that the final velocity of the car-truck wreckage was 4 m/s. So…

Yes, thermal energy was created. In fact, 160,000 J, four fifths of the initial energy, was transformed into
thermal energy!
Let’s try and answer a question related to the nail going into the board.
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Exercise 5.1

You are using a 0.6 kg hammer to drive a nail into a wooden stud in the wall of a house.
You swing the hammer at 8 m/s, and each hit drives the nail 2 cm into the wood. Assume
that the mass of the nail is very small compared to the mass of the hammer. After each
swing, the hammer, nail, and wood are all motionless.
a.

Draw pictures of what is happening just before the hammer hits the nail and after
the collision is over but the hammer is still touching the nail. Include all of the
information that you can from the question in your drawings.

b. How much thermal energy is created each time the hammer hits the nail? Do it just
like in the example above. Look at kinetic energy before and kinetic energy after.
Ignore any other forms of energy (like sound or gravitational potential)
c.

What is the change of momentum of the hammer during the collision? Isn’t
momentum supposed to be conserved? Where did it go?

d. What is magnitude of the acceleration of the hammer as it comes to rest during the
collision? Assume that the hammer experiences constant acceleration from the
time it hits the nail until the time the hammer and nail stop moving.
e.

What was the force on the hammer during the collision?

f.

How much time did the collision last as the nail was driven into the wall?

Is friction good or bad? We have non-stick frying pans so eggs don’t stick—so in that case friction is bad. But
the treads on hiking boots are made of rubber so they DO stick—in that case friction is good.

Exercise 5.2

Give two examples of times or places when friction is desirable, and two examples when
friction is NOT desirable. (Note: it might help if you think about when you would benefit
from using something like oil that would reduce friction, and when you would benefit
from using something like rubber that tends to increase friction.) Can you come up with
a general rule for why friction is sometimes good and sometimes bad?

Vectors
Up to this point we’ve used a lot of words (force, work, friction, energy, …) that are not uncommon in daily
usage, but in physics we may have slightly different or more specific definitions of what these words mean.
Now we meet a word that is rarely used except in a scientific context: vector. A vector is simply something that
has both a magnitude and a direction. This is actually a concept that you are already familiar with. A negative
sign is something that keeps the magnitude (size) of something the same but reverses its direction. If your boss
tells you that your pay is going to change by 30%, that could be very good or very bad depending on whether
that means your pay is going up 30% or down 30%. Same magnitude of change, but opposite direction!
Friction is something that opposes motion, which means that if motion is to the right, friction is to the left. The
force of friction can be represented by a vector. In fact, you already drew force vectors with arrows back in
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Section 1.4. All forces are actually vectors, and many other things as well, including momentum, velocity,
acceleration, and even displacement (change in position).
When there is more than one force acting at the same time, we will want to know what the total (or net) force
is. In the previous work we have done, we haven’t tried to add forces together to get a total. How would that be
done?
Imagine giving somebody directions by drawing a map with an arrow 20 meters long pointing East. You have
just made a displacement vector to tell the person where to go. Something like this:

Figure 6.2: A displacement vector pointing East
But what if you wanted the person to go 20 meters East AND 20 meters South? You could simply add another
arrow to your drawing, this one pointing South. What would your map look like? One of these?

Figure 6.3: Adding vectors, sometimes done correctly and sometimes incorrectly!
Which one? Is there more than one that is correct? Hopefully you see that in the first option, on the left, there
is not a clear ending point. It seems that you are telling the person to either go East OR go South. Or maybe go
East, then come back and go South? This isn’t a good way to look at combining the directions into something
that makes sense.
What about the second one? This time it seems clear that the person should first go 20 m East and then turn
and go 20 m South from that same point. So they will end up somewhere South-East from the starting point.
This is a better way to look at combining the directions.
And what about the third option? This time it appears that you want the person to first go South and then turn
and go East. So it seems different from the second option, but if you compare the places where the person ends
up, you can see that in fact it gives the same result.
This is how you should add vectors. It is best if you try to draw the arrows in a way that they are roughly
proportional to the right size to make your drawing as useful as possible. To add vectors, draw them so that
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the tail of each starts at the tip of the previous one. And it actually doesn’t matter which one you start with.
You should end up in the same place no matter what. Just like adding 3+4 is the same as adding 4+3. Let’s try it
with some forces. Imagine a game of tug-of-war with two equal teams, each able to pull with a force of 4000 N.

Figure 6.4: A game of tug-o-war. The teams are evenly matched in terms of the amount of force they can
apply to the rope, even though the team on the right has more people.
The net force of the two teams pulling against each other can be represented like this:

Figure 6.5: The net force of the tug-o-war game in the figure above. 4000 N to the right plus 4000 N to
the left ends up back at zero. No net force.
The second arrow ends right back where the first one started. So with all of those people generating as much
force as they can, the net force they get for all of that effort is zero. Nobody is going to win this game of tug-ofwar! You can represent it in an equation form as well. You simply have to define one direction as being positive.
For example, in this case we could make positive point to the right. Then negative is to the left. The total force
is the sum of all of the forces:
What if another person, who is able to pull with a force of only 200 N, comes to join the team on the left? In that
case, the net force would be 200 N to the left, or -200 N. Even though this one person is pulling with a relatively
small force (the other three team members together are pulling 20 times as much as this fourth person), it is
enough to create a net force to let the team on the left win. Net force to the left is going to create an acceleration
to the left, so if they started with zero velocity the rope will start going left.

When the force opposes the motion
What happens when the force points in the direction opposite the motion, as it does with friction? We’ve
already seen at least one example of force pointing opposite the direction of motion: when something is
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launched straight up into the air. What happens? The thing that was thrown upward slows down and eventually
stops in the air, and then it starts coming back down.
A force is supposed to cause acceleration, right? F = ma. And we usually think of acceleration as something that
increases speed. The “gas pedal” in a car can also be called an “accelerator.” And that makes sense, because it
makes the car speed up. But it is actually also possible for an acceleration to slow something down. That’s
exactly what happens when the speed is in the opposite direction from velocity. It even works with the equation
we introduced in Section 4.1, =

∆𝒗
∆𝒕

. The change in time, on the bottom, is always positive. We live in a universe

where (as far as we know) time can never go backward. But let’s look at the change in velocity. If something is
slowing down, that means the final speed is less than the initial speed. So the change is a small final speed minus
a larger initial speed. And something small minus something big is going to be less than zero, so negative. So if
an object is moving in the positive direction and acceleration is negative, it will slow down. And the
opposite is also true: If an object is moving in the negative direction and acceleration is positive, it will
slow down.

Exercise 5.3

You and your bicycle together have a mass of 80 kg. You are going full speed, 4 m/s,
across level ground when suddenly you see a line of ants crossing the road 6 meters in
front of you.
a.

You love ants and don’t want to squish any, so you slam on your brakes, creating a
force of friction of 700 N between your tires and the road. Are the ants safe?
Remember to check whether your answer makes sense.

b. Can you actually bike at 4 m/s? Is that a reasonable number?
c.

How far would you travel before stopping if the road were wet, which reduces the
force of friction to 500 N between your tires and the road?

That is the motion lens, and the momentum lens is similar. A force pointing in the same direction as the
momentum will increase the magnitude of the momentum. A force pointing in the opposite direction will
decrease the magnitude of the momentum. And if two objects have momenta in opposite directions, we have
to take the directions into account. For example, the total momentum of two people running toward each other
across a field would be zero if each of them had the same momentum. That also means that if there is a collision
where the two objects stick together, the final speeds may be lower than any of the initial speeds.

Exercise 5.4

A 1000 kg car driving at 40 m/s collides with a 3000 kg truck driving at 20 m/s. The
vehicles stick together and skid off on the very slippery road. Find both the final velocity
of the car-truck wreckage and also the amount of thermal energy created for each of
these two situations. Be sure to use the strategies we learned in Section 3.1.
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a.

The car rear-ends the truck driving in the same direction.

b. The car and truck have a head-on collision, driving in opposite directions.

What about the energy lens? When something is moving, we are talking about kinetic energy. If a force is in the
same direction as the velocity, the speed will increase. And that means the kinetic energy will also increase. But
if the force is in the opposite direction of the velocity, the speed will decrease, so the kinetic energy will also
decrease.
Do you remember the definition of work? It is the change in energy. So what this means is that a force that acts
in the direction of the motion will increase the kinetic energy, doing work on the object (work is
positive). But if the force is in the direction opposite of the motion, the kinetic energy decreases. Since change
in energy is negative, that means the work is also negative. So a force that opposes the motion of an object
actually removes energy from the object, or we can say that the object does work on whatever was
causing the force (work is negative).
If you are not sure if work was done on the object (positive work) or if work was done by the object (negative
work), you can ask yourself how the energy of the body changed. For instance, if you carry a 20 kg mass 100 m
across a soccer field, you may feel you’ve done lots of work because you’re tired. However, you have not
changed the energy of the mass; you have only changed its position. You have displaced the mass horizontally,
but the force you put on it is upward, perpendicular to the change in position, so no work is done. Remember
that work is force times distance in the same direction! Not perpendicular. But what if you carried the mass up
a hillside 100 m, increasing your elevation by 30 m? Now you know you’ve done work because the mass has
more gravitational potential energy. The change in energy could also be kinetic. If the mass was carried
horizontally but ended up moving at 10 m/s when you let go of it and it wasn’t moving at first, you’ve done
work on it. So work is positive. If, on the other hand, it was moving 10 m/s and you caught it and set it down,
you have actually removed energy from the mass, so work is negative.

Exercise 5.5

If an 80-kg paratrooper makes a HALO (High-altitude, Low-open) parachute jump from
a plane that is 10,000 m above the earth. Ignore any sideways motion as the
paratrooper jumps—let’s just worry about the vertical direction for now.
c.

What is the speed of the paratrooper just before he hits the ground,
neglecting air resistance?

d. In fact, there is enough air resistance that the paratrooper’s actual speed just before
hitting the ground would be 60 m/s if he did not open his parachute. How much
thermal energy is generated in the air as the paratrooper falls? What percentage of
the initial gravitational energy is lost to thermal energy?
e.

If all goes well, the paratrooper would actually open his parachute, making his
speed just before hitting the ground drop to only 5 m/s. What fraction of the initial
gravitational potential energy is lost to thermal energy in this case?

f.

Is the air resistance doing work on the paratrooper, or is it removing energy?
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Exercise 5.6

A 20 g bullet moving at 500 m/s is fired upward into a 1-kg wood cube. It sticks into the
cube and the two fly up into the air because of the impact.
a.

What is the speed of the block and bullet as they start to fly upward together?

b. How much thermal energy was lost in the collision?
c.

Neglecting air resistance, how high with the block and bullet fly upward before they
are stopped by gravity?

Static friction
So far we have just talked about friction while something is moving. There can also be a force of friction when
something is not moving. This is called static friction. If you place a child on a waterslide, the child slides down
freely. That is because the friction opposing the motion down a waterslide is very small. But you could also
place the same child on a hillside with the same slope as the waterslide without worrying about sliding down.
Maybe rolling, but not sliding! That is because static friction is holding the child in place.
Determining the size of static friction is a bit tricky. If you push against a boulder with a force of 500 N and the
boulder doesn’t move, it is likely static friction that is keeping it in place. If you are pushing against it but it
won’t move, the acceleration is zero but the force you are applying is not zero. According to Newton’s Laws,
that must mean that the static friction that is fighting against you is exactly as large as the force you are applying.
That’s how static force works. If nothing is trying to move an object, the static force is zero. But as soon as a
force is applied, a static force with the exact same magnitude but the opposite direction immediately appears
to prevent the motion. If you push hard enough, you can eventually overcome the static force, because it will
have some maximum possible value depending on the surfaces and the mass of the object. At that point, the
static friction stops and the kinetic friction we have already been learning about takes over. Normally the
maximum static friction is a bit larger than the kinetic friction. That is why it is usually harder to start sliding
something across the floor than it is it keep it sliding after it has already started to move.

Exercise 5.7

A 1000 kg car is at rest on a level road and the brakes are locked up, so the wheels can’t
turn. I am not far from home, only 1 km, so I decide to just skid it home. The maximum
static friction between the wheels and the road is 12,000 N, and the frictional force after
it starts sliding is 8,000 N. Draw force diagrams, and find the net force and the
acceleration of the car for each of the following:
a.

The car is just sitting there without anybody or anything trying to push it.

b. I get behind the car and push with a horizontal force of 500 N.
c.

I attach the car to a tow truck and pull with a force of 10,000 N.

d. I attach the car to a tow truck and pull with a force of 14,000 N.

Exercise 5.8

How much work is done on the car from Exercise 5.7 as you skid it home?
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Chapter 8

Two Dimensions

Figure 7.1 The archer on the left has just fired an arrow at the target. The arrow is visible just to the
right of the first tree on the left. If it continues in the direction it is currently moving, it will go high
over the target. But, during the arrow’s flight the force of gravity pulls it downward, changing the
direction of the arrow’s flight so it hits the target.

Reference frames
So far, we have only dealt with problems that are one-dimensional, either vertical or horizontal. But we live in
a world that is more complicated than that, so let’s start to consider what happens when things can start
moving in more than one direction. To begin, imagine holding a ball and dropping it, watching it fall to the
ground. A motion map for this would look something like Figure 6.2.

Figure 7.2 A motion map of a ball falling under the influence of gravity

8-1

That should look fairly familiar at this point. Let’s consider something else that should be familiar. Imagine
you are standing on a train that is moving to the right at constant speed, holding a ball in your hand. The
motion map for the ball would look something like Figure 6.3.

Figure 7.3 A motion map of a ball on a train moving at constant velocity
There is a conceptual leap between the motion maps in Figure 6.2 and Figure 6.3, and I want to pause for a
moment and make sure that you understand the leap. In Figure 6.2, you were holding the ball and then
watching it drop. Your point of view, or “reference frame” was yourself. You were standing there watching the
ball fall. Perhaps it is our innate egocentricity, but we tend to always see the world from our own reference
frame, as if we ourselves are not moving. For instance, if you are sitting in an airplane flying eastward, you
don’t experience yourself as moving. You see yourself sitting stationary in a seat, and everyone around you is
also stationary. You look down, and you see the ground going backwards, westward. But it is possible to also
consider someone else’s reference frame. Imagine a person on the ground watching you in the airplane above
them. From their point of view, they are stationary and you are moving eastward.
Look again at Figure 6.3 and the description just above it. In that figure, the reference frame is not yourself. If
you used yourself as a reference point, and all you are doing is holding the ball in your hand, the motion map
would just be a dot. No motion! What did we use as a reference frame in Figure 6.3? The ground outside the
train—you can think of it as somebody standing outside the train watching you go by with the ball in your
hand. Figure 6.3 is drawn from that person’s reference frame.
Sometimes switching to a different reference frame can make a situation easier to understand, and the
important thing to remember is that as long as your reference frame is not accelerating, all of the laws of
physics remain true. If your reference frame is accelerating, “apparent forces” will appear, seeming to
change the laws of physics. An example of this is trying to take a drink from a glass while traveling in a car.
Probably you are skilled enough to drink from a glass without making too much of a mess under normal
circumstances. But what if you are taking a drink from a glass while in a car when the driver suddenly speeds
up, slams on the brakes, or makes a sharp turn? When that sudden acceleration happens, all of the expected
laws of physics in the reference frame of you sitting in a car are suddenly modified, causing your drink to
experience unexpected forces in unusual directions. And all of your years of practice at learning to master the
laws of physics related to drinking from a glass become futile, with the result that your shirt is drenched and
your friendship with the driver is tested.
If we want to take advantage of using different reference frames, it is important for us to be able to convert
between them. The left side of Figure 6.4 shows how a tree sees the world, where we let East be the positive
direction. The tree sees Pete driving his red car at 30 m/s East (positive direction), and sees you driving at
20 m/s West (negative direction) in your race cart. Note that the tree sees itself as having no velocity.
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Figure 7.4 Comparison of reference frames
Now, imagine Pete in his red car in the picture on the right side of Figure 6.4. Pete sees himself sitting still
(stationary in his reference frame!), but he sees the tree zipping backwards past him, going to the West
(negative) at 30 m/s! And Pete also sees you really blasting by him with a velocity of 50 m/s in the negative
direction. Note the way that the velocities compare in these two frames. In the tree’s reference frame, the
tree’s velocity is zero, and everything else’s velocity is relative to the tree. In Pete’s reference frame, his
velocity is zero. To switch from the reference frame on the left to the one on the right, in order to change
Pete’s velocity to zero we had to subtract 30 m/s. So for all other speeds in Pete’s reference frame, we need to
subtract that same 30 m/s. In other words, to switch from the tree’s reference frame to Pete’s reference
frame, you just need to subtract Pete’s velocity from everything in the tree’s reference frame.

Exercise 6.1

Draw the scenario from Figure 6.4 from the reference frame of you in the blue cart.
Include the speed and direction of you, Pete, and the tree in your drawing.

Exercise 6.2

A claim was made in this section that as long as your reference frame is not accelerating,
all of the laws of physics remain true. Test that claim by considering the following car
crash: You are traveling North at 15 m/s, and a car next to you with a mass of 400 kg is
also traveling North at 15 m/s. Another 400-kg car is ahead of you traveling South, also
at 15 m/s. The oncoming car collides with the car that was traveling next to you,
bringing both of them to a complete stop as observed by a person standing by the side
of the road.
a.

Verify that the momentum of the two cars that were involved in the collision was
conserved in the reference frame of the person standing by the road.

b. Verify that the momentum of the two cars that were involved in the collision was
conserved in your reference frame as you continue driving North at 15 m/s.
c.

Find the amount of kinetic energy that was changed to thermal energy in the crash
in the reference frame of the person standing by the road.

d. Find the amount of kinetic energy that was changed to thermal energy in the crash
in your reference frame as you continue driving North at 15 m/s. .
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e.

Does the amount of energy that was changed into thermal energy depend upon your
reference frame?

f.

Does the total amount of kinetic energy of each vehicle depend upon your reference
frame?

g.

Did you find anything that defied the laws of physics when you changed reference
frames?

Two-dimensional motion maps
Let’s look again at the motion maps in Figure 6.2 and Figure 6.3. The first figure shows the ball falling in your
reference frame, and the second shows you holding the ball from the reference frame of somebody who is
outside of the train, watching it go by. Now let’s try to imagine what the person outside the train would see if
you let go of the ball as you were going past them. As was described in the last section, the way to convert
from one reference frame to another is to subtract the speed of the object on which the new reference frame
will be based from everything in the old reference frame.
If we start in your reference frame on the train, we can watch the ball accelerate downward. Now if we want
to switch to the reference frame of the person outside of the train, we need to subtract that person’s velocity
in your reference frame from the velocity of the falling ball as seen in your reference frame. In a motion map,
the arrows that go from one dot to the next represent velocity. In the second motion map, all of the arrows
point to the right, indicating that the person who is not on the train sees you moving to the right. That means
that you would see that person moving to the left. Now to switch the falling ball from your reference frame to
that of the person outside of the train, you have to subtract those left-pointing velocity arrows from the falling
ball’s downward-pointing arrows. And as it turns out, subtracting arrows that go to the left is the same as
adding arrows that go to the right. (A double negative! Read through that a couple of times to convince
yourself.) So to see the ball falling from the reference frame of the person outside the train, we need to add
the arrows in Figure 6.2 to the arrows in Figure 6.3. Remember that we add vectors by putting the arrows
tail-to-tip. So combining those arrows using vector addition gives the motion map shown in Figure 6.5.

Figure 7.5 A two-dimensional motion map of a ball that is dropped from a moving train, from the
frame of reference of someone standing outside of the train. The horizontal dashed gray arrows show
the motion of the train as observed by the person standing outside of the train. The vertical dashed
gray arrows show the motion of the ball as observed by a person on the train.
So while the person on the train where the ball was dropped sees it falling straight down, the person who is
outside of the train sees it falling in a parabolic shape. In both cases, the horizontal velocity is constant—in
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the train’s reference frame the horizontal velocity of the ball is zero, and in the reference frame of an observer
who is not on the train, the horizontal velocity of the ball is equal to the velocity of the train.

Exercise 6.3

Draw motion maps for a rock that is not dropped on a train, but thrown from a platform
on a train. Use right as the “positive” direction, and have the person on the train throw
the rock horizontally to the right while the train is moving to the left.

a.

Draw a motion map for the rock in the reference frame of the person throwing it.

b. Draw a motion map for the rock in the reference frame of a person standing next to
the track, if the train was moving 10 m/s to the left and the person on the train (in
their frame of reference) threw it at 10 m/s to the right.
c.

Draw a motion map for the rock in the reference frame of a person standing next to
the track, if the train was moving 20 m/s to the left and the person on the train (in
their frame of reference) threw it at 10 m/s to the right. Would the rock hit the train
in this situation? Why or why not?

Motion in Two Dimensions
In the two-dimensional motion map in Figure 6.5, notice that there is an acceleration, caused by gravity. It is
changing the vertical part of the velocity. But look at the horizontal part—even though there is an
acceleration of gravity, the part of the velocity that is horizontal stays constant, as if there were no
acceleration at all. This is the key to understanding two-dimensional motion: the horizontal (usually
called “x”) components of the motion are completely independent of the vertical (usually called “y”)
components of the motion.
If you need to cross a river in a boat, the speed of the water flowing in the river could be very small or very
large, but no matter how quickly the water is flowing it will not help you to get across. It’s going the wrong
way for that. Although this is less obvious, a rapidly flowing river doesn’t actually slow down your ability to
get to the other side of the river if you row straight across the river. But if it is flowing quickly it will mean
that you will reach the other side far downstream from where you started. This is shown in Figure 6.6.
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Figure 7.6 Three rowboats pointing directly South across a rivers that are flowing East. The rate that
the boat crosses the river depends only on the velocity of the boat going South. But the relative speed
of the East-flowing river determines how far the boat will travel downstream before reaching the
other side.
The distance the boat will travel downstream depends upon the velocity of the river and also the time it takes
to cross. The “kinematic equations” of motion can be used to solve this problem. Since the “x” and “y”
directions are independent of each other, the equations can be written completely separately for x and y:
Table 6.1 Kinematics equations in two dimensions. Remember that these equations are only valid
when acceleration is constant!

𝒗𝒙 = 𝒗𝟎𝒙 + 𝒂𝒙 𝒕

𝒗𝒚 = 𝒗𝟎𝒚 + 𝒂𝒚 𝒕

𝒗𝒙 + 𝒗𝟎𝒙
)𝒕
∆𝒙 = (
𝟐
𝟏
∆𝒙 = 𝒗𝟎𝒙 𝒕 + 𝒂𝒙 𝒕𝟐
𝟐

𝒗𝒚 + 𝒗𝟎𝒚
)𝒕
∆𝒚 = (
𝟐
𝟏
∆𝒚 = 𝒗𝟎𝒚 𝒕 + 𝒂𝒚 𝒕𝟐
𝟐
𝟐
𝟐
𝒗𝒚 = 𝒗𝟎𝒚 + 𝟐𝒂𝒚 ∆𝒚

𝒗𝒙 𝟐 = 𝒗𝟎𝒙 𝟐 + 𝟐𝒂𝒙 ∆𝒙

Notice that “x” position, velocity, and acceleration are all only in the “x” side of this table of equations, and the
“y” position, velocity, and acceleration are all only in the “y” side of this table of equations. The only thing that
appears on both sides is the time “t.” The time can be a useful link between the two.
Consider the rowboat crossing the rivers in Figure 6.6. If the rowboat can go forward at 0.5 m/s, the river is
20 m wide, and it is completely still like in the top part of the figure, how long will it take for the rowboat to
reach the other side, and how far will it have drifted downstream by the time it reaches the opposite bank?
We can solve the problem like this:

8-6

And what if the river is flowing, like in the middle part of Figure 6.6? We would solve it this way:
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Exercise 6.4

Refer to Figure 6.6. If the rowboat can go forward at 0.8 m/s, the river is 24 m wide, the
rowboat is pointed directly South, and the river is flowing East at 4 m/s…
a.

How much time will it take the rowboat to reach the opposite bank?

b. How far will the rowboat have drifted downstream by the time it reaches the
opposite bank?

Ballistic Motion
There is a class of physics problems that fall into the category of “ballistic motion.” Ballistic motion is the
motion of an object under the influence of gravity and no other forces. This is the situation with many objects
that are launched into the air, so we will look at a few of these problems. We have actually already done some
ballistic motion, for example the motion maps in Figure 6.5 and Exercise 6.3. Let’s look again at that exercise.
If the person throws the rock at 10 m/s in a horizontal direction, the rock has a mass of 2 kg, and it leaves his
hand at an initial height that is 3 m from the ground, let’s see what we can learn about the path the rock takes,
and any other information we can learn along the way as well.
To start, we already learned from the motion map what the path will look like, and we can add the numbers
given to the picture.
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Figure 7.7 Sample problem for ballistic motion
Next, we know the initial energy of the rock,

where yi is 3 m and vi is 10 m/s in the positive x direction.

And if we assume that there is no air resistance, that tells us the final speed of the rock just before it hits the
ground:

So now we know the final speed, but we do NOT know the direction in which the rock is moving. That 12.6 m/s
is partly in the x direction and partly in the y direction. Now let’s try the motion lens. First in the x direction.
We know v0x = 10 m/s. The only acceleration in the air is gravity in the y direction, so ax = 0. That means

8-9

so x is constantly changing. And if we knew the time t when the rock hit the ground, we would know how far it
traveled horizontally before hitting the ground. Maybe we can get that from the y direction. The equation will
look similar to the one we used in the x direction.

The initial velocity was only in the x direction, so v0y = 0. Acceleration in the y direction was gravity, pointing
down, so ay = -10 m/s2. So,

We know that the rock will hit the ground when y = 0, and the initial y was +3 m, so the rock hits the ground
when

That is the amount of time that the rock was in the air after being thrown. We can use that to find how far the
rock went horizontally before it hit the ground:

We also know a bit more about the velocity just before the rock hit the ground.
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Wait a minute! Do we have a mistake somewhere? The first thing we found was that the final speed
vf = 12.6 m/s. But then we found the final velocity in the x direction was vfx = 10 m/s and the final velocity in
the y direction was vfy = -7.7 m/s. But how can that be? Shouldn’t vf = vfx + vfy? Actually, it does, sort of!
Remember, v is supposed to be a vector, so in fact if we want to add the x and y components of the velocity
you have to use vector addition:
⃑⃑⃑⃑
𝒗𝒇 = ⃑⃑⃑⃑⃑⃑
𝒗𝒇𝒙 + ⃑⃑⃑⃑⃑⃑
𝒗𝒇𝒚
And remember, with vector addition we need to add tail-to-tip. So, the vector addition of the x and y
components of the velocity looks like this:

Figure 7.8 Using vector addition to combine final x and y components of velocity into a final velocity
vector
And if you have ever learned the Pythagorean Theorem, you may recognize that this is a right triangle, so the
sum of the squares of the two legs (vfx and vfy) should equal the square of the hypotenuse (vf). And in fact this
is the case. 102 + 7.72 = 12.62 ! I didn’t use -7.7, because the arrow in the picture already shows it going
downward, in the negative direction. But even if I did use the negative value it wouldn’t matter, because
102 + (-7.7)2 = 12.62 as well. So we don’t have a mistake after all!

Exercise 6.5

The sample problem we just did had a 2-kg rock being thrown horizontally from 3 m
above the ground and we found the time it took to hit the ground (0.77 s), the distance
it moved horizontally in that time (7.7 m), and the final velocity of the rock (10 m/s
horizontally to the right and 7.7 m/s vertically downward). Now let’s change the
problem slightly.
This time, imagine the rock is launched upward from the ground back along the
direction it just came from. So it starts on the ground with an initial velocity of 10 m/s
horizontally to the left and 7.7 m/s vertically upward.
a.

Make a diagram of the path the rock will take.
8-11

b. What is the initial energy of the rock?
c.

What will the velocity of the rock (x and y direction) be after 0.77 seconds?

d. How high above the ground will the rock be after 0.77 seconds?
e.

What will the energy of the rock be after 0.77 seconds?

f.

If the rock continues in its flight until it hits the ground again, what will its velocity
in the x and y direction be just before it hits the ground?

g.

What will the displacement of the rock be from its original position just before it
hits the ground?

h. What will the energy of the rock be just before it hits the ground?
i.

Do your answers make sense when you compare them to the sample problem?
Explain.

Figure 7.9 Two archers are aiming at targets the same distance away. The arrow of the archer on the
left is pointed upward more steeply than the arrow of the archer in the center. They are both
proficient at archery so both of their arrows will actually hit the targets.
Exercise 6.6

See Figure 6.9. The two archers are aiming at targets that are 40 m away. The targets
are both at the same height above the ground, roughly the same height from which the
arrows are being fired. The archer on the left is using a recurve (Olympic style) bow,
and the archer in the middle is using a compound (hunting style) bow. If the arrows
traveled in a straight line with no gravitational force, the one fired from the recurve
bow would be too high, missing the target by 12 m. The arrow fired from the compound
bow would also be too high, but only by 2 m.
j.

Make a drawing showing both archers firing from the same location, hitting the
same target, but along different paths based on the angle that the archers are
aiming their bows. Include dotted lines showing the paths the arrows would take if
gravity had no effect.
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k. By how much does the acceleration of gravity change the vertical position of the
arrow fired from the recurve bow by the time it reaches the target?
l.

How much time would the arrow from the recurve bow have to spend in the air so
that gravity would have the effect described in part b?

m. Find the initial horizontal speed of the arrow fired from the recurve bow.
n. Find the initial vertical speed of the arrow fired from the recurve bow. (Use your
dotted line!)
o.

Use the Pythagorean Theorem to find the initial speed of the arrow fired from the
recurve bow.

p. By how much does the acceleration of gravity change the vertical position of the
arrow fired from the compound bow by the time it reaches the target?
q. How much time would the arrow from the compound bow have to spend in the air
so that gravity would have the effect described in part g?
r.

Find the initial horizontal speed of the arrow fired from the compound bow.

s.

Find the initial vertical speed of the arrow fired from the compound bow.

t.

Use the Pythagorean Theorem to find the initial speed of the arrow fired from the
compound bow.
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Chapter 9

Spinning

Figure 8.1
A poi dancer. Can you see indications of the position, velocity, and acceleration of the
glowing poi balls as they move over the course of time? How does the direction of the acceleration
relate to the direction of the velocity? (credit: Hendrik Kueck from Vancouver, Canada (Flickr)
[Creative Commons BY 2.0, via Wikimedia Commons])

Centripetal Acceleration
When we see an object moving in a circular path, we know that there must be a force acting on it because
without a force, things travel in straight lines. If the path the object takes is curving, it must be accelerating.
Think about the parabolic path that an object takes when it experiences ballistic motion, when the
acceleration due to gravity is always pointing straight down:
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Figure 8.2

The parabolic path of an object experiencing ballistic motion

Where is this ballistic motion path most like the shape of a circle? The top, right? That’s the place where the
velocity is perpendicular to the acceleration.

Figure 8.3
the top

The parabolic path of an object experiencing ballistic motion, with a circle inserted at

At the top of the path, the acceleration is pointed downward, toward the center of the circle. What if after the
object passed this point you shifted the direction of gravity to continue pointing toward the center of the
circle? That would make the parabola for ballistic motion rotate sideways continue to curve around the circle,
sort of like this:

Figure 8.4
The path an object would take if you changed the direction of gravity after it passed
the peak of the parabola
In fact, there are situations when gravity changes direction as the object moves. Think about the moon, for
example. That’s what an orbit is! The moon travels in a (nearly) circular path around the earth because the
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direction of gravity always pulls it toward the center of the earth. Ballistic motion, on a scale so large that
gravity changes direction!

Figure 8.5
The moon in orbit around the earth, with a few representative velocity and
acceleration vectors
So if an object is traveling in a circular path, it is experiencing an acceleration directed toward the center of
the circle. This is called “centripetal acceleration” ⃑⃑⃑⃑
𝒂𝒄 . The magnitude of ⃑⃑⃑⃑
𝒂𝒄 is given by
𝒂𝒄 =

𝒗𝟐
𝒓

where v is the speed of the object and r is the radius of the circle in which it is traveling.

Exercise 7.1

The moon orbits the earth at a distance of approximately 400,000 km, moving at
approximately 1 km/s.
a.

What is the magnitude of the centripetal acceleration of the moon in its orbit?

b. What is the direction of the moon’s acceleration in its orbit?

Centrifugal force…or lack thereof!
By this time you may be starting to think that something is wrong here. Because you know that when
something is moving in a circle there is a force that pushes outward, and that whole last section was trying to
convince you that the force is actually pointing inward. And you know you’re right, because you even know
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the name of that outward force. It’s called “centrifugal force.” This is a huge area of misconception, and the
problem centers around reference frames.
Remember when we learned about reference frames we said that all of the normal laws of physics have to
hold true in any reference frame that is not accelerating? So if you are sitting in a car that is going at a
constant velocity you are perfectly fine sipping a cup of hot coffee in the passenger seat. But if the driver
suddenly does something that makes the car accelerate, like braking or hitting the gas or turning, the laws of
physics in your reference frame suddenly change. And turning is the same thing as circular motion! So if
you’re moving in a circle, using yourself as a reference point for zero velocity, it feels like there is a force
shoving you away from the center of the circle. That’s just because your reference point is accelerating. Not
because there is a new force we have to learn called centrifugal force. That’s why centrifugal force is often
called a “fictitious” or “apparent” force. It’s an artifact of trying to use normal physical laws in a reference
frame that is accelerating.
Imagine standing on a space station that is rotating to create “artificial gravity.” The “floor” of the space
station is the circular outside wall. So if we stand inside the space station, we would say that we are not
moving and there is a force like gravity holding us down to the floor. But if we stood outside the space station,
we would say that in fact the people inside the space station are moving. In fact, they are accelerating, and the
force causing the acceleration is the normal force coming from the “floor” of the space station. Whichever
frame you consider, though, the magnitude of the force is the same. From outside the space station you would
see the centripetal force pushing inward on the person inside, and the person inside would feel something he
would call a centrifugal force, the same magnitude as your centripetal force, but pushing him out instead of in.
The magnitude of the centripetal force required to cause the centripetal acceleration is just as you would
expect from Newton’s laws.
𝑭𝒄 = 𝒎𝒂𝒄 =

𝒎𝒗𝟐
𝒓

where Fc is the magnitude of the centripetal force, m is the mass of the object traveling in a circle, ac is the
centripetal acceleration, v is the speed of the object and r is the radius of the circle in which it is traveling.
This is not a new type of force that we should add to our list of forces. Rather, one of the forces we have
already learned must be the cause of the centripetal acceleration. For example,
•
•
•

Gravity pulls the moon into a circular orbit. The force of gravity on the moon is the centripetal force,
pulling the moon directly inward toward the earth.
If you attach a rock to the end of a string and spin it around your head in a horizontal circle, the
tension in the string is the centripetal force, pulling the rock radially inward.
If you roll a marble around the bottom of a cylindrical container, the normal force of the wall on the
marble is the centripetal force, pushing the marble inward.

We have already considered the motion and forces involved with uniform circular motion. What about energy
and momentum? It should be obvious that there is kinetic energy, since the object is moving. And if the
direction of motion is constantly changing but the speed is constant, then the kinetic energy is also constant.
That means that the force that is causing the centripetal acceleration is doing no work! So energy is constant
if the rate at which the object is spinning doesn’t change. What about momentum? The magnitude of the
momentum must also be constant, since the speed is constant. But the direction of the momentum is
constantly changing. And that means the equations would need to vary continuously in time in a way more
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complicated than we are going to deal with in this class.xi Maybe we should think about momentum more in
the next section!

Exercise 7.2

Let’s consider the moon orbiting the earth again. It orbits at a distance of 400,000 km,
moving at 1 km/s, and its mass is 71022 kg.
a.

How much gravitational force is needed to give the moon the acceleration you found
in Exercise 7.1?

b. What is the direction of this force?

Exercise 7.3

Where does the centripetal force come from for each of the following?
a.

The earth orbiting the sun

b. Water in the bottom of a bucket that is being spun around
c.

Astronauts on a spinning space station

d. The ball in an Olympic hammer throw before it is thrown

Exercise 7.4

You’re taking a turn with a radius of 10 m on a bike on flat pavement and the maximum
static friction between the tires and the road is 900 N. The mass of you and your bike
together is 80 kg.
a.

What force causes the centripetal acceleration allowing you to make this turn?

b. How fast can you go around this turn before your tires slip out from under you and
you skid sideways? Include a drawing of the situation and a free body diagram.
c.

Would doubling the radius of the turn make your maximum speed without sliding
larger or smaller? Reflect on your answer in light of your own experience. Does it
make sense?

d. Why did we use static friction instead of kinetic friction?

Describing angular motion
To help us think about the momentum of spinning objects, let’s start by thinking of a spinning baton. And to
simplify it as much as possible, we’ll have two balls with mass m at the ends of a rod that has no mass. And
we’ll start it spinning out in the middle of space so we don’t have to worry about gravity or air resistance or
anything, with the balls each moving at speed v. So it will look like this.

In fact, you could describe the momentum, as well as the force, acceleration, velocity, and position of an
object that is moving in uniform circular motion by using a series of sine and cosine functions. But we won’t!
xi
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Figure 8.6

A spinning baton, with a light rod separating two masses

We know that the magnitude of the momentum for each of these balls is mv. So they each have momentum.
But when you consider the two balls together, you have to use vector addition, and they’re moving in opposite
directions. So when you find the total momentum of the system, it is zero. And yet if we want to really do a
good job of describing the motion of this object, we would want to describe it in such a way that someone
would know it is spinning. We can do that by inventing a new physical quantity called angular momentum.
And in order to define things like angular momentum, we’ll have to come up with a whole system of
describing angular motion.
The rod is spinning around its center, and the center is the only thing staying in place. So we will use that as
our reference point. And we will measure everything’s position in term of how far it is away from that
reference point.

Figure 8.7

A spinning baton, with distances to the masses defined by a radius r from the center

Since we have defined motion based on that center spot, we can say that both of those masses are spinning
counter-clockwise (CCW) around the center. So now we need to start describing motion in terms of clockwise
and counterclockwise instead of left and right or up and down. The standard definition for the positive
direction is counter-clockwise. Apparently the first clockmaker didn’t know that when the first clock was
built!
Position in this angular direction is usually described as an angle θ (“theta”), where θ = 0 is horizontal to the
right of the center point. And the units we will use for angle are NOT degrees. They are radians (abbreviated
rad). There are 2π radians in a full circle, so if you want to do conversions, you can use
2𝜋 rad = 360°
So if our position θ is in radians, our angular velocity ω (“omega”) has to be in radians per second. And our
angular acceleration  (“alpha”) is in radians per second squared. Maybe you haven’t had to think about
angular acceleration much before now. But probably you are familiar with angular velocity, though you would
probably have seen it referred to as “RPM’s.” Revolutions per minute. Many cars have a dial on the dashboard
that shows the engine speed in 1000’s of RPM. We can convert rpm to rad/s just like we would anything other
units, knowing that one revolution is 2π radians and 1 minute is 60 seconds:
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Exercise 7.5

The engine of your car says it is running at 2000 rpm. What is its angular velocity (in
rad/s)?

Angular position, velocity, and acceleration can all be related back to the position, velocity, and acceleration
that we’ve already been learning about if we think of their direction as being tangential to the circle of
motion. Let’s start with just the position.
If you have a circle with radius r, and you go all of the way around it, how long is the path that you traveled?
2π r, the circumference of the circle. And what was the angle that you went through? Remember, we are
defining the angle in terms of radians, and there are 2π radians in a circle. So if you go all of the way around
the circle of radius r, 2π radians, your path length is 2π r. If you go only halfway around, π radians, your path
length is π r. Do you see why we use radians instead of degrees? Easier math!

Figure 8.8
When an object at distance r from the center rotates through 2π radians, a complete
circle, the object traces out a path of length 2π r.
So now we know that the path length is r θ. Similarly the tangential velocity is r ω.
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Figure 8.9 The relationship between path length, angle, tangential velocity, and angular velocity
And the tangential acceleration is r  . So to summarize,
Linear quantity symbol
[unit]
Position
x [m]
Velocity
v [m/s]
Acceleration a [m/s2]

Angular quantity symbol [unit]
Angle
θ [rad]
Angular velocity
ω [rad/s]
Angular acceleration 
[rad/s2]

Relationship between linear & angular
Path length = r θ
Tangential velocity = r ω
Tangential acceleration = r 

Exercise 7.6

You are twirling a ball on the end of a 2-m-long string. The ball goes around once every
3 seconds. What is the magnitude of the tangential velocity (or tangential speed) of the
ball? Remember that going around once is one revolution, not one radian!

Exercise 7.7

Go back and look at the equation for centripetal acceleration in Section 7.1. It is given
in terms of v and r. Re-write it so that it is in terms of ω and r.

The great thing about angular motion is that if you just switch all of the linear quantities in the equations you
already know into angular quantities, all of the equations work perfectly! But remember, our linear motion
equations are only true when acceleration is constant. Similarly our angular motion equations are only true
with angular acceleration is constant.

Linear motion equations

Angular motion equations

𝒗 = 𝒗𝟎 + 𝒂𝒕

𝝎 = 𝝎𝟎 + 𝜶𝒕

𝒗 + 𝒗𝟎
)𝒕
∆𝒙 = (
𝟐
𝟏
∆𝒙 = 𝒗𝟎 𝒕 + 𝒂𝒕𝟐
𝟐

𝝎 + 𝝎𝟎
)𝒕
∆𝜽 = (
𝟐
𝟏
∆𝜽 = 𝝎𝟎 𝒕 + 𝜶𝒕𝟐
𝟐

𝒗𝟐 = 𝒗𝟎 𝟐 + 𝟐𝒂∆𝒙

𝝎𝟐 = 𝝎𝟎 𝟐 + 𝟐𝜶∆𝜽
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Let’s try and use those angular motion equations, and also relate them to the linear quantities. My bike has
26-inch tires. That means their diameter is 26 inches. I can get up to a speed of 10 mph in 3 seconds. Let’s see
if we can find the following things:
a.
b.
c.
d.
e.
f.

My final velocity in SI units
My acceleration in SI units
The distance I go as my speed goes from zero to 10 mph
The final angular velocity of my tires
The angular acceleration of my tires
The total angle my tires rotate through as my speed goes from zero to 10 mph

Ok, the first part should be pretty easy for us by now. It’s a conversion of units.

That’s part a. Now, for part b. I can use the first linear motion equation in the table above.

Part c. For this we could use any of the last three linear motion equations. I’ll go with the second one, since
that way I don’t have to square anything!

That wasn’t so bad. Now for the angular parts. The tires have a 26-inch diameter, but we don’t want the
diameter. We want the radius, which is half the diameter. So our radius r for the outer edge of the tire, which
is touching the ground, is 13 inches. But we will want SI units, so r = 0.33 m. When the tire is rolling on the
ground, if it makes a complete revolution the tire will have rolled forward a distance 2π r. That’s the same as
the path length around the tire for a full revolution. Similarly, the velocity of the bike moving forward is the
tangential velocity of the edge of the tire, and the acceleration of the bike is the tangential acceleration of the
tire. So to find the final angular velocity, we use its relationship to the final velocity of the bike.

That those relationships also give us a fast and easy way to answer parts e and f:
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But that didn’t give us a chance to try using the angular motion equations. So let’s do parts e and f that way,
too, and we can use that way to check our answers. For part e we can use the first angular motion equation
from the table.

So that agrees with what we found before, except for a rounding error. And for part f we can use the second
angular motion equation.

So that checks out as well! And here’s something else to think about. What part of the tire is moving slowest in
the earth’s reference frame when I am biking at 10 mph? At first glance, you might think it’s the axle at the
center of the tire, since the tire is spinning, which makes all of the other parts of the tire have a faster speed
than the center. But that’s actually not correct. The axle of the tire is connected to the frame of my bike. So if
my bike is going 10 mph then the axle is also going 10 mph. But think about the part of the tire that is
touching the ground. It isn’t sliding, right? It has static friction, remember? So the part of the tire that is
touching the ground actually has zero velocity in the earth’s reference frame. The tangential velocity that we
calculated is correct in the reference frame of the center of the tire. To switch to the earth’s reference frame,
you have to add the bike’s velocity relative to the earth to the tire’s tangential velocity relative to the bike.
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Figure 8.10
earth

Motion of the top and bottom of a tire in the reference frame of the bike and of the

Now it’s your turn.

Exercise 7.8

You are driving a Ford F150 with new Dunlop 235/70R16 tires with a 29-inch outer
diameter, cruising at 65 mph. And you are feeling good! And then you hit a nail in the
road. The nail sticks in the edge of your tire. Not feeling so great anymore! You gently
hit your brakes, coming to a stop after braking uniformly for 50 meters.
a.

What was the tangential velocity of the edge of the tire, relative to the truck, just
before you hit the nail? Remember to convert to SI units!

b. What was the velocity of the nail when it was at the top of the tire, in the earth’s
reference frame, when you were traveling at 65 mph?
c.

What was the centripetal acceleration needed to keep the nail in the tire when you
were still traveling at 65 mph? How many times the acceleration of gravity is that?

d. What was the source of the centripetal force that kept the nail in the tire at that
speed?
e.

How large was the centripetal force that kept the nail in place, if the nail had a mass
of 5 g?

f.

What was the angular velocity of the tire when you were still traveling at 65 mph?

g.

What angle (in radians) did the tire turn through as you were stopping?

h. How many full revolutions did the tire make as you were stopping?
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i.

How many full revolutions did the tire make as you were stopping?

j.

What was the angular acceleration of the tire when you were slowing to a stop?

k. How much time did it take you to stop?

Moment of Inertia
Now we have a system for describing angular motion. Can we use it to describe things like energy and
momentum? Let’s look at our spinning baton again, but this time we want to consider the entire baton as one
object instead of two masses. Since we are doing that, let’s simplify it by making the total mass of the baton
equal to m, so that each of the masses on the ends has a mass of m/2.

Figure 8.11
A spinning baton with a total mass of m, made up of two small balls of mass m/2 at a
distance r from the center, joined by a massless rod.
We know that the kinetic energy of an object is ½ mv2. And that baton has two masses, each with mass m/2
and moving at speed v. Their speeds aren’t in the same direction, but that doesn’t matter when we calculate
kinetic energy. Kinetic energy cares only about the magnitude of the velocity, not its direction. The total
kinetic energy of the baton (since the rod is massless) is the sum of the kinetic energies of the two balls,

Hopefully that result is not surprising. But we got it by breaking the baton up into pieces and looking at each
piece separately. Wouldn’t it be simpler, especially for objects with a more complex shape than just two
masses on a rod, if we could find kinetic energy directly from the angular velocity of the whole thing? Look at
what happens if we convert our tangential velocity into angular velocity.

It comes out looking somewhat similar to the equation for kinetic energy that we had before. And it would be
even closer if you group together the “mr2” part into one quantity.
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So for calculating rotational kinetic energy, you use the angular velocity instead of the linear velocity, and you
have to replace mass with the stuff in the box that is related both to the mass of the object and its size.
Unfortunately that stuff in the box isn’t the same for every shape. Let’s demonstrate this by adding two more
masses to our baton, but still keeping the total mass of the baton constant.

Figure 8.12 A spinning baton with a total mass of m, made up of four balls of mass m/4, joined by a
massless rod with a total length 2r.
Let’s try figuring out the kinetic energy of the rod now. It’s a bit trickier. We have to add up the kinetic energy
of all four of the masses, and they’re not all going the same speed! The outer two masses are still moving at
speed v, but the inner ones aren’t. What they do have in common is their angular velocity around the center.
The angular velocity of the outer masses ωouter is

The whole thing is spinning at the same angular velocity, so that means the angular velocity of the inner
masses ωinner is also

So the tangential velocity of the inner masses is…

…which is only half of the velocity of the outer masses! So that means the total kinetic energy of the baton is
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…which is not nearly as pretty-looking as what we got by putting masses just on the ends. Now when we
convert to the rotational version of the kinetic energy of the whole baton we get

So it still has the same form as it did before, but the stuff in the box changed. It still has the mr2, but now there
is also a number inside the box! And if we changed the positions of those inner masses or split the mass into
six equal masses, or did anything else to change the shape or size of the baton, that number inside the box
would change.
Probably now is a good time to stop saying “stuff in the box,” and give it an actual name. It’s called the
“moment of inertia” I, and is the rotational analog of mass, in the same way that angular velocity is the
rotational analog of linear velocity. So for any object, its rotational kinetic energy is
𝑬𝒌 =

𝟏 𝟐
𝑰𝝎
𝟐

where I is the moment of inertia of the object and ω is its angular velocity. The value of I depends upon the
shape of the object. The farther away the mass is from the axis of rotation, the larger its moment of inertia.

Exercise 7.9

Consider the following round objects, all of the same mass, M, and radius, R. Consider
their mass distribution – how far is the mass from the axis of rotation? Can you put them
in order of highest moment of inertia to lowest moment of inertia and justify your
reason?
a.

A hoop

b. A hollow cylinder
c.

A solid cylinder

d. A solid sphere
e.

A hollow sphere

f.

A solid disk
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Now let’s consider each of these objects not just spinning out in space, but rolling along the ground. They
would still have angular velocity, and they would also still have rotational kinetic energy. But now they would
also be moving horizontally, so they would have linear velocity and linear kinetic energy. In Section 7.3 we
considered the relationship between linear and angular velocity of a tire on a moving bike. Now let’s consider
the kinetic energy of a bike tire. Most of the mass is concentrated along the outside edge, so we will think of it
as a hoop with a mass of 0.8 kg and a radius of 0.33 m. Here is the question: What is the total kinetic energy of
the tire if it is rolling without slipping at a linear speed of 5 m/s?
The tire has both linear and rotational kinetic energy, so the total kinetic energy is

We are given m and v, so the linear part is easy. We need to find I and ω to get the rotational part. We have m
and r, and can find the right moment of inertia to use from Figure 7.13.

And we know that

So we can put all of that together to get

So for a rolling bike tire, half of its kinetic energy is linear, and half is rotational, giving it twice as much
kinetic energy as you might have assumed before you knew about rotational motion!
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Figure 8.13

Moments of inertia for a few common shapes

Exercise 7.10

What are the SI units for moment of inertia?

Exercise 7.11

Consider each of three objects of equal mass and equal radius rolling with equal speed
on flat ground headed toward a gradual uphill: A hoop, a disk, and a solid sphere. They
all roll up the hill, come to a stop, and roll back down again. Do they all go the same
distance up the hill, or does one of them go further before turning around? Can you
explain why? Which lens did you use to explain your reasoning?

Angular momentum
So far we’ve looked at rotational motion using two of our lenses, motion and energy. What about momentum?
We already know that momentum p, which is mass times velocity, is conserved in any isolated system. And as
it turns out, we can define angular momentum L as moment of inertia times angular velocity, and angular
momentum is also conserved in any isolated system.
𝑳 = 𝑰𝝎
where L is the angular momentum of an object, I is the moment of inertia of the object, and ω is the angular
velocity of the object.
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Exercise 7.12

What are the SI units for angular momentum?

The initial example we had for conservation of linear momentum was a moving object colliding with a
stationary object. The rotational analog would be if you dropped a stationary mass onto a rotating mass. In an
inelastic collision, they would stick together and rotate, but at a lower rotation rate than the rate at which the
second mass was originally rotating.
An example of this would be a potter dropping a ball of wet clay onto an already-turning pottery wheel.

Figure 8.14
A potter working a clay vessel on a rotating potter wheel. (Photo credit: By Caaman Own work, CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?curid=46916572)
Imagine that the pottery wheel is a uniform disk with a diameter of 0.25 m and a mass of 2 kg, freely spinning
at 30 RPM. The potter drops a solid ball of clay with a diameter of 0.1 m and a mass of 1.5 kg onto its center.
At what rate would the two spin together, in RPM?
Well, our first step is to identify the appropriate lens to use. Energy won’t be much help, because this is an
inelastic collision and we don’t know how much energy was transformed to heat. But angular momentum
should be conserved, so we use the momentum lens, which tells us that the initial angular momentum is equal
to the final angular momentum. And initially we have two pieces to our system, so we will need to include
both. We can add them just like we would with linear momentum of two objects.
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So we need to find the initial angular momenta of the wheel and the clay. First let’s find the things needed for
the angular momentum of the wheel:

Now, for the clay:

Wait a minute, we didn’t actually need that to find the initial angular momentum of the clay! Look at this:

If it isn’t moving, it can’t have angular momentum! But let’s not erase our calculation of the moment of inertia
for the clay—who knows? Maybe we’ll need it later. Now we can find the final angular momentum.

But what we really wanted was the final rotational speed in RPM. So we need to find ωfinal. We will need the
final moment of inertia, which is just the sum of the moments of inertias of the parts. Just like final mass was
the sum of the masses of the parts when we did linear momentum problems!
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Then we can solve for the final angular velocity.

…and convert it to RPM.

So the wheel started out spinning at 30 RPM, and adding the lump of clay, which had a mass almost as much
as the wheel itself, and it changed the angular velocity by less than 10%! It may seem like it should have
slowed the wheel down more than that, but remember that the way the mass is distributed is as important, or
even more important, than the mass itself.

Exercise 7.13

Repeat the calculations for dropping wet clay on a spinning potter’s wheel, but this time
with the clay in the shape of a disk with the same radius as the wheel. As before, the
pottery wheel is a uniform disk with a diameter of 0.25 m and a mass of 2 kg, freely
spinning at 30 RPM. The potter drops a solid disk of clay with a diameter of 0.25 m and
a mass of 1.5 kg onto its center. At what rate would the two spin together, in RPM? Is
this answer closer to what you would expect?

Conservation of angular momentum is used by figure skaters to go into high-speed spins. They normally start
spinning with their body spread widely away from the vertical axis of rotation. Then while spinning they
straighten up, bringing their body close to the axis of rotation, which greatly increases their angular velocity
since their angular momentum stays (relatively) constant while their moment of inertia decreases.
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Figure 8.15
Figure skating spins, starting with body mass far from the axis at slow angular velocity
as shown on the left, and ending with body mass close to the axis at high angular velocity as shown on
the right. (Photo credit: Adam Siao Him Fa (left) By Clément Bucco-Lechat - Own work, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=47249854; Sasha Cohen (right) By David W.
Carmichael - http://davecskatingphoto.com, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=6713542)

Torque
Torque τ is the rotational analog of force, and it is defined as
𝝉=𝒓×𝑭
where τ is the torque caused by a force F acting at a distance r from the axis of rotation, with F perpendicular
to r. The units of torque are Newton-meters [Nm]. Torque interacts with the other three lenses in ways that
are exactly analogous to the ways that linear forces interact with them:

Force (linear)

Torque (rotational)

Motion

𝑭𝐧𝐞𝐭 = 𝒎𝒂

𝝉𝐧𝐞𝐭 = 𝑰𝜶

Energy

𝑾 = 𝑭 ∙ ∆𝒙

𝑾 = 𝝉 ∙ ∆𝜽

Momentum

∆𝒑 = 𝑭 ∙ 𝒕

∆𝑳 = 𝝉 ∙ 𝒕

Exercise 7.14

Screwdrivers and wrenches are tools with the same basic purpose: Turn something.
Assuming you can apply the same amount of force to either tool, which could you use to
apply a larger torque? Explain why, using the definition of torque that is given above.

Exercise 7.15

You apply the same amount of net torque to object A and object B. What other
conditions would be needed for each of the following to be true?
a.

Object A has the same angular acceleration as object B.
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b. Object A has the same change in angular momentum as object B.
c.

You do the same amount of work on object A and object B.
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Appendix A Conversion Factors and Metric Prefixes

SI Unit
Length

Mass
Speed
Force
Energy
Power
Angle
Angular speed

US Customary Unit

1 m = 3.28 feet
1609 m = 1 mile
14.6 kg = 1 slug
1 kg =
1 m/s
1N
4.186 J
4186 J
3.6×106 J
1055 J
746 W
π rad
(π/30) rad/s

Metric prefix
TeraGigaMegakilocentimillimicro-

=
=
=
=
=
=
=
=
=

the amount of mass that has 2.2 lb
of weight at the earth's surface
2.24 mph
0.225 lb
1 cal
1 Cal (or 1 kcal)
1 kWh
1 BTU
1 hp
180°
1 RPM

Abbreviation Meaning
T
1012
G
109
M
106
k
1000
c
0.01
m
0.001
μ
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Appendix B Symbols and Subscripts
Symbol
⃑
a,𝒂

Quantity

SI unit

Acceleration (magnitude or vector)

meters per second squared

E

Energy

Joules

F

Force

Newtons

g

Acceleration of gravity at earth’s surface

(this is a constant)

m

Mass

kilograms

Momentum (magnitude or vector)

kilogram-meters per second

Time

seconds

Speed, velocity

meters per second

W

Work

Joules

[J]

x

Distance (usually horizontal)

meters

[m]

y

Vertical distance (height)

meters

[m]

Δ

“Change in…”

⃑
p,𝒑
t
⃑
v, 𝒗

[J]
[N]

0
1, 2, etc.
avg

[kgm/s]
[s]

Meaning
…at time t=0
…of object # 1, 2, etc.
average

e

elastic (related to springs)

f

friction (for force)

f

final (for everything except force)

g

gravitational

i

initial

k

kinetic

n

normal

t

tension

th

thermal

x

…in the x direction

y

…in the y direction

b

9.8 m/s2
[kg]

- none -

Subscript

[m/s2]

[m/s]
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