
3.0 Changing Reference Frames  

Your reference frame is the way you see the world. You always see yourself as not moving. For 
instance, if you are sitting in an airplane, you don’t experience yourself as moving. You see 
yourself sitting in a seat stationary, and everyone around you is also stationary. You look down, 
and you see the ground going backwards. You see someone moving past you at say 10 𝑥. In 

order to see the world from their perspective (or from their reference frame), you must subtract 
their velocity from everything you see: add 10 𝑥  to their velocity and you get zero! They see 

things as though they are sitting still. But then you also have to subtract their velocity from 
everything else you see.  

Below left shows how a tree sees the world, where we let East be the positive 𝑥 direction. The 
tree sees me drive my red car at 30 m/s East, and sees you driving at 20 m/s West in your blue 
cart by the tree. We call this the “laboratory reference frame”. 

And if you can imagine, I see myself sitting stationary in my car with my friend next to me also 
stationary, but the tree is zipping by at 30 m/s past me “backwards”, and you are really blasting 
by me with a relative velocity of – 50 m/s 𝑥. 
 
Exercise 3.0.1: Please draw the above scenario from your reference frame, as you see things from your 
blue cart. 
 
 
 
 
 
 
 
 
 
 
 
Spoiler Alert! Velocity is a vector, added nose to tail even when velocities are not parallel. More 
to come in future sections 



Exercise 3.0.2: Remember from section 2.4, I paddle a canoe 3 m/s West across a river flowing 
South at 4 m/s, while Nick watches from shore. Well, in the middle of the river, I pass my friend 
Sarah, who is floating on a large inner tube.  

a) Please draw this picture from 
Nick’s reference frame, including 
the velocities (direction and 
magnitude) of myself and Sarah. 

 
 
 
 
 

b) Please draw this picture from 
Sarah’s reference frame, including 
the velocities of myself and Nick. 

 
 
 
 
 
 

c) Please draw this picture in my 
reference frame, including Nick’s 
and Sarah’s velocities.  

 
 
 
 
 
3.1 Using Changing Reference Frames  

Imagine a head-on inelastic collision depicted at right, and 
you want to calculate vf of the two bodies stuck together. 
Would you know to use a 
momentum lens and find ∑𝑝  
by adding the two momenta 
like vectors? Please do this 
and find that the final velocity 
is 2 𝑥. This is called the 

“speed of the center of mass.” 
If we look at this collision in 
the “reference frame of the 
center of mass” (by 
subtracting this velocity from 
each body), we’d notice that 
initially, the two bodies have 
equal and opposite momenta, 
and vf = 0. 



The above is an inelastic collision, where some of the initial EK is “lost” to thermal energy. In the 
reference frame of the center of mass, all EK is converted to Eth. In an elastic collision, this 
energy is instead stored as spring potential energy in the deformation of some springs or elastic 
material and turned back into kinetic energy as the objects bounce away from each other. How 
do we find the final velocities of the two bodies after an elastic collision? We have two 
unknowns (the final velocities of the bodies), and thus need two equations – which we have! 
Elastic collisions conserve momentum as well as kinetic energy (assuming no outside work is 
done), so we have: 

 ∑ �⃗�  ∑ �⃗� , and ∑𝐸  ∑𝐸 ,  

Traditional texts solve these simultaneous quadratic equations with about a page of math, that 
you can find in any mechanics textbook (see below**). Instead, we will solve this problem by 
viewing the problem in the 
reference frame of the center of 
mass where ∑ �⃗� 0. Please 
convince yourself that the only 
way to conserve EK is to have 
�⃗� 𝑝  for each body (in the 
reference frame of the center of 
mass). The bodies turn around 
and rebound with equal and 
opposite momenta (and 
velocities). We’re not done yet! 
We still have to transform back 
to the earth’s reference frame, 
or the “laboratory reference 
frame”. 
 
** For example, try this website:  
http://sharedcurriculum.peteschwartz.net/files/8.4%20and%208.5%20elastic%20and%20inelastic%20collisions.pdf  
 
Exercise 3.1.1: 
Please verify that our answers are correct in the laboratory frame by confirming ∑ �⃗�  ∑ �⃗� , 
and ∑𝐸  ∑𝐸 . 
 
 
 
 
 
 
 
 
 
 
 
 

Elastic Collision: Kinetic Energy is conserved 



Exercise 3.1.2: 
Imagine the collision at right. 

a) Find the final velocity if they have a perfectly inelastic 
collision (when the bodies stick together). 

 
 
 
 
 

b) Transform the collision to the 
reference frame of the center of mass.  

 
 
 
 

c) Use this method to find the final 
velocities of the block for a perfectly 
elastic collision. 

 
 
 
 
 
 
 
 

d) Close your eyes and imagine this elastic collision happening in each reference frame. 
Does what you see seem reasonable and consistent with collisions you’ve seen before? 

e) Back in the lab frame, make sure your answer is correct by checking momentum and 
energy conservation. 

 
 
 
 
 
 
 
 
 

How elastic is "perfectly elastic"? If it's elastic, the kinetic energy is the same before and after. 
Of course, energy is conserved in all collisions, but in inelastic collisions, some is changed to 
thermal energy. Hence: 
- Inelastic Collisions: the bodies stick together. 
- Elastic Collisions: kinetic energy stays the same. Another way to define it is that the relative 
velocity (difference in velocity) between the two objects is the same magnitude before and after. 
That is, they come apart as fast as they came together. 
- Partially Elastic Collisions: the bodies come apart, but some kinetic energy is converted to 
thermal energy. 
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3.2 Friction  
Friction is a force which resists relative motion between two objects in contact, affecting each 
object in opposite directions. When a car spins its tires at a green light, the ground is pushed 
backwards (as can be confirmed by the direction that stones are thrown) and the car is pushed 
forward, the direction it accelerates. 
 
Exercise 3.2.1:  
Please make a drawing depicting the above scenario. 
 
 
 
 
Dynamics: Friction is a force equal to the product of the coefficient of friction between the two 
surfaces in contact and the normal force between the two bodies: 
𝐹 𝜇𝑁. 
 

 The coefficient of static friction, 𝜇  (if the two bodies are not moving with respect to 
each other) is almost always larger than the coefficient of dynamic friction, 𝜇 .  

 𝜇 𝜇   because the molecular attraction between the two surfaces are stronger when the 
surfaces are in static contact. 

 However, as soon as an applied force overcomes the static friction, the surfaces move, 
and the frictional force is found with 𝜇 , the dynamic coefficient of friction, as illustrated 
in the next exercise. 

 While the force of dynamic friction,𝐹 𝜇 𝑁, the same equation only represents the 
maximum possible static frictional force: 𝐹 𝜇 𝑁. 

 
Exercise 3.2.2:  
Answers at end. A 1000 kg car is at rest on a level road and the breaks are locked up, so the wheels can’t 
turn. I decide to just skid it home. The coefficients of friction between the road surface and the rubber 
tires are: 
𝜇 1.1, and 
𝜇 1.4. 
Please find the maximum possible static and dynamic forces of friction. 
Please find the actual frictional force and the acceleration of the car under the following 
circumstances. (Make appropriate drawings):  

a) There is no other applied force on the car 
other than gravity, the normal force, and 
friction. 

 
 
 
 

b) I push the car forward with a force of 500 N. 
 
 
 
 
 



c) I pull the car forward with a force of 13,000 
N (using a tow truck). 

 
 
 
 
 
 
 

d) I pull the car forward with a force of 16,000 
N (using a tow truck). 

 
 
 
 
 
 
 
 
Energy: Friction does work on sliding surfaces converting EK to ETh. In the static cases above (a-c), no 
work is done because there is no motion. When the car moves (skids), the tires and road get hot. 
It is important to note… and is counter intuitive: When the wheels of a moving car are locked up, 
skidding, one uses the lower dynamic coefficient of friction because the surface of the tire is sliding 
relative to the surface of the road. This is one more reason not to lock up your breaks when driving.  
When the wheels are turning without sliding, the static coefficient of friction can be used to determine 
the maximum frictional force possible without skidding. 
 
Exercise 3.2.3:  
Answer at end. The same car from 3.2.2 is traveling at 30 m/s on the same flat road when another car 
appears in front of it and stops. It locks up its wheels 40 m away from the stationary car and proceeds to 
skid into a crash. How fast is it going when it hits the stationary car? 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 3.2.4:  
At right, two wooden blocks rest on a smooth, lubricated surface, but there is 
a coefficient of friction of 0.5 between the two blocks. How hard (with what 
force) do I have to push the 3 kg block from the left as shown for the 1 kg 
block not to fall? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Answers 
Exercise 3.2.2: I provide the answers below. However, please make sure you identify that this is a 
dynamics lens problem. Please follow a good protocol including the free body diagram and consider 
acceleration. 

a) 𝐹 0;  𝑎 0 
b) 𝐹 500 N;  𝑎 0 
c) 𝐹 13,000 N;  𝑎 0 
d) 𝐹 11,000 N;  𝑎 5 m/s  

Exercise 3.2.3: There are several ways to do this problem. I would choose to use the energy lens because 
the force of friction does negative work on the car. This work is equal to the thermal energy produced 
and equal to the loss of kinetic energy. I get a final speed of about 4.5 m/s, jogging speed. Likely no one 
is hurt. 

3 kg
1 kg

FP


